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Abstract We provide a rigorous axiomatic framework to study epiddagyg on
complex networks. Our axioms apply to the epidemic spreadim complex net-
works in which there are explicit correlations among therdeg of connected ver-
tices as described in [1]. We prove a necessary and suffictentition for our epi-
demic model to have a nonzero stationary solution. We belieis is the first proof
of such a general result. Moreover, under appropriate tiondiwe show that the
time independent solution is the limit of a unique time defsart solution. We also
provide a rigorous definition of the epidemic threshald,= 1/A; with A1 denoting
the largest positive eigenvalue of an operataiven in the axioms of our model.

1 Introduction

Understanding the mechanism behind the emergence and/@ersee of infected
individuals on a complex network is an important problemmérest in varied dis-
ciplines including biology, physics, social sciences arathramatics [2, 3]. From
the Susceptible-Infected-Susceptilfl@bbrev. SIS), model in epidemiology a rich
mathematical theory is developing which provides insigit ihow a disease can
spread across complex networks [4, 5]. In the SIS model omaexied undirected
graph, the nodes represent individuals who are in one of tates infected (those
carrying the disease) or susceptible (those who do not levdisease yet but can
catch it). The edges of the graph correspond to the contatigeln individuals.
Only susceptible individuals in contact with one or moreegtéd individual may
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become infected. Infected individuals can spontaneolestpime susceptible again.
When the spreading rate of a disease is greater than the nk&tvwpidemic thresh-
old, a nonzero fraction of the population becomes infeatettié long term. For an
uncorrelated network, the epidemic threshold is the qnbtiéthe expected degree
of the network and the expected degree squared [5].

How does one define the epidemic threshold when the degresgiflroring ver-
tices in the network are correlated? In [1], they relate tles@nce or absence of an
epidemic threshold to the eigenvalue spectra of certainectivity matrices of the
network. One of the goals of this paper is to put this obs@wain a firm math-
ematical foundation. To do this we create an axiomatic fatiod for epidemics
which generalizes the uncorrelated and correlated SIS Isdder epidemic model
also provides a framework for studying more general intérg@article systems.

The organization of the paper is as follows. In Section 2 wikimtroduce the
axioms of our epidemic model. In Section 3 we show that thesital correlated
and uncorrelated SIS models satisfy the axioms of our m&tlelpoint out that
the dynamics of our model (under appropriate assumptioag la unique time
dependent solution which converges to a stationary oneetticéh 4 we prove the
main result of the paper (see Theorem 2); a necessary andienifftondition for
the existence of a nonzero stationary solution for our epidenodel.

2 Axioms of the Epidemic Model

An epidemic model shall be described in terms of three prmitotions:
Q, p,andT

whereQ is a setp : Q x [0,00) — [0,1] is a function, and : L?(Q) — L?(Q) is a
continuous linear map on the Hilbert spdcgQ) of real-valued square integrable
functions onQ. We will first describe the intended concrete interpretatibthese
three primitive notions before giving the axioms.

In the study of epidemics on a grap3, is the set of degrees of the vertices in
the graph—i.e. the number of connections the vertices nwasther vertices. In this
contextQ is a subset of natural numbe®, C N. The setQ is the sample space
where a probability distributiof(k),k € Q, describes the degree (i.e. number of
neighbors for each vertex) distribution of the graph.

The functionp : Q x [0,e0) — [0,1] can be interpreted as tlepidemic statef
the system. Givek € Q andt € [0, «), the numbep(k,t) represents the probability
that a degre& vertex is infected at time

The physical meaning of the operafbr L?(Q) — L?(Q) needs more explana-
tion. Recall that a Hilbert space is a complete inner prodpate, where the inner
product is defined by

(f.9) = [ f(ggdP(K)
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We are in particular interested in the subselt &) consisting of probability func-
tions¢ : Q — [0, 1] that assign to each degree Q the probability that that a degree
k vertex is infected. We call such probability functions #tatesof the system.
The operator
T:L2(Q)—L%(Q)

is assumed to be an non negative integral operator in the skatthere is a mea-
surable function
T:QxQ —[0,0)

such that

(Tf)(k):/Qr(k,k’)f(k’)dP(k’) forall f € L2(Q) andke Q. (1)

We shall assume thatsatisfies the generalizelétailed balance condition
1(k,K)=1(K,k) forall kK € Q.

This implies, in particular, thal is symmetricby Fubini’'s theorem. In the case
whereQ is a finite set, as in the case when you have a finite graph, yothoz of

T as a symmetric matrix with non negative entries. etQ — [0, 1] be a state of
the system. Then the functidnp : Q — [0, ) is to be interpreted as follows. Given
ke Q, the valugT¢)(k) € [0,») is a measure of the possibility that the nddzan
be infected.

2.1 Axioms on the epidemic model

Using the three primitive notion@, p, andT intuitively explained in the previous
section we now state our axioms for an epidemic model. A sy$t@, p, T) shall
be called arepidemic modsef the following Axioms are satisfied.

Axiom 1: Q is the sample space of a probability spa&eP), whereP is a proba-
bility measure on ar-algebra of subsets @?.

Axiom 2: The operatof : L?(Q) — L?(Q) is a compact integral operator wheare
in (1) satisfies the detailed balance condition.

Axiom 3: The largest positive eigenvaluly, of T has an associated eigenvector
V: Q — (0,) that is strictly positive.

Axiom 4: Theepidemic statef the model

p:Q x[0,0) — [0,1]

satisfies the system of nonlinear differential equations

{atp(kat):_p(k’t)+A(1_p(k’t))(Tp)(k’t)v (2)
p(k,0) = po(K),
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wherepp : Q — [0,1] is the initial state of the system, assumed to be
a measurable function, and where> 0 is called theeffective) rate of
infection

Axiom 5: In the case, and only in the case whénis infinite, we require that for
eachA > 1/A4, the inequality

ngT( v )
1+ev

holds for alle > 0 sufficiently small.

3 TheClassical SIS M odel

Below we will see how the classical SIS models (uncorrelateticorrelated) satisfy
the axioms of our epidemic model.

3.1 The uncorrelated SIS model

Given a connected graph (finite or infinite) Btdenote the set of all degrees of the
nodes of the graph and suppose these nodes have the degnibatibs P(k). Thus,
(Q,P) is a probability space with the probability measure given by

P(w) = Z P(k) forall wC Q; (3)

kew

here we follow the standard notation of identifying the @bitity measureP (on
the leftin (3)) with its distributiorP(k) (on the rightin (3)). The average degree of a
node is given byk) = 3;iP(i). Let p(k,t) be the density of infected degre@odes

at timet. We assume that the degrees of each node are uncorrelatbeacel the
probability that an edge leads to an infected node is indéparof the degrees of
neighboring nodes. Consider the following propositionveelsewhere [6, 7].

Proposition 1. The probability that an edge leads to an infected node isrgibye
1
0 =-"-—SKPK)pK,t). 4)
i 2 KPP

Since the higher the degree of a node, the more likely the wiltlbe infected, it
follows that given k, the numbe€kis a measure of the possibility that a node of
degree k can be infected.

With this proposition at hand we can now set up the classit&ingodel. First,
we assume that
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1. The proportion of susceptible nodes become infected ateaproportional to
(1-p(k.t)ke.

Note that 1- p(k,t) represents the proportion of degieaodes not infected (the
susceptible nodes) whik®, based on the remark concernk® in Proposition 1,
measures the possibility that a degke®ode gets infected.

We also assume that

2. The number of infected nodes decreases at a rate prapalrtm the number
infected nodes.

The following nonlinear differential equation describle tlynamics of our sys-
tem [6]:
ap(kt)=—p(kt)+A(1-p(kt)ko(t),

o) = % > KPP 1), )

p(k0) = po(K),

wherepg is the initial infectivity distribution.

The uncorrelated SIS model and equation (5) is a particalse of the epidemic
model,(Q,p,T), given in the axioms of Section 2.1. We now verify that theoaxs
are satisfied.

Axiom 1: LetQ C N be the set of degrees of the graph. For exaniple; {2,5,7}
means that every vertex has 2, 5, or 7 connections. The sitgabra is
the power set of2 (i.e. the set of all subsetsC Q). ForAC Q we define
the probability measur®(A) = ¥ P(k) whereP(k) is a probability
mass function oif.

Axiom 2: Observe that the top equation in (5) is of the form (X@f= T p where

THK) = %gkf(k’)k’P(k’)

for all f € L2(Q). In this discrete case, integrals are really summations
SO we can writel' as

TH(K) = /Qr(k,k’) F(K) dP(K),
wheret(k k') = kK /(k). By definition, for(k k') to be a measurable
function, the preimage of any interval [0,) must be an element of
the product sigma algebra &f x Q. This is trivially satisfied here since
the sigma algebra is the power set®@fx Q. Moreover, it is clear that
satisfies the detailed balance condition.
Next we show thal is a compact operator. By definition ©f given any
f € L2(Q) we have

Tf(k) = % % f(K)KP(K) = <—1><f,v>v(k),
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where(f,v) is theL?(Q) inner product off andv with v: Q — (0, )
the functionv(k) = k for all k € Q. Hence,

T= i(-,v>v. (6)
(k)
To show thafT is compact we must show that ff is a convergent se-
quence of functions theh f; has a convergent subsequence. %,(tfi ,V)
is abounded sequence of real numbers and so by the Bolzarostkess
theorem it has a convergent subsequence. Simeéxed, it follows that
T f; has a convergent subsequence.
From (6) we see that the imageDfis the span of. It follows that for
all f € L2(Q), we haveT f =0if f L vand if f = v, we have
2
Tv=A1v, whereiA; = @

(k)

with (k) = (v,v) = 3 k?P(K), the average value &f. It follows thatT
has exactly one eigenvalue, given byand moreover); has an associ-
ated strictly positive eigenvectar. Q — (0,) given byv(k) =k for all
ke Q.

The equations in (5) are of the form (2ki® = Tp.

In the case whef® is infinite, letA > 1/A; and observe that

VAT v <:>v<i Lv v<:>1<i Lv
- 1+ev (k) \1+eVv (k) \1+¢ev' /)’

The functiong(e) := {\W (3%, V) is a continuous function of € [0, ).
)

Sinceg(0) = &0 (v,v) = AA1 > 1, by continuityg(e) > 1 foralle >0
sufficiently small. This completes the verification of Axidin

3.2 The correlated SIS model

Following [1] we now allow for correlations between the degg of neighboring
vertices. We henceforth assume tfiais a connected finite graph. LBtk |k) be the
conditional probability that a vertex of degrieis connected to a vertex of degree
k. In the spirit of Proposition 1 we have the following resulbyed elsewhere [1, 8].

Proposition 2.

o(kt) =y PKIKp(K 1) @)
kl

is the probability an edge originating at a degree k vert@adeto an infected vertex.

The differential equation (5) takes the following form [1]:
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ap(t) = —p(kt) + A (1 - p(k 1) kO (K1),
k/

p(k,0) = po(K),

wherepg is the initial infectivity distribution. We now verify thahe correlated SIS
system satisfies our axioms.

Axiom 1: Same as in uncorrelated case Buhow is finite.
Axiom 2: Observe that the top equation in (8) is of the form (Xaf= T p where

TH(Kk) = 3 kP(K[K) f(K) 9)
k/

forall f € L2(Q). Note that since2 is finite, all functionsf : Q — R are

in L2(Q). Hence, ifN is the number of distinct degrees of the graph then
L?(Q) = RN where we make the identification of a functibn Q@ — R
with the vector(f(iy), f(i2),..., f(in)) € RN where Q = {iy,...,in}.
With this identification, we see that written as a matrix weehd =
[Tk ] whereTye = kP(K'|k). Thus, we see that is exactly thecorrelation
matrix of [1]. Note that we can rewrite (9) as

TfW%iLTWkUNWNPWL

where1(k,k') = kP(K'|k)/P(K'). As in the uncorrelated case,is triv-
ially a measurable function. The detailed balance condifiio physical
networks is [1]:

kP(K |k)P(k) = KP(K|K)P(K).

This equality implies that (k, k') = 7(K ,k). ThatT is a compact operator
follows from that fact that.?(Q) = RN and any linear map oRN is
compact by the Bolzano-Weierstrass theorem.

Axiom 3: From the connectedness of our graph it follows that theaipeT is
irreducible and sinckP(K'|k) > 0 we see from (9) thak is nonnegative,
hence by the Perron-Frobeniustheorem, the largest eilyeeof T (is
simple and) has an associated strictly positive eigenvect@ — (0, )
(see [9] for details).

Axiom 4: The equations in (5) are of the form (2ki® = Tp.

3.3 Existence and Uniqueness theorem

The the system of nonlinear differential equations 2 doe® lsatime dependent
solutionp(k,t) which converges to the stationary one. In [8] we prove thiefdhg
existence and unigqueness theorem:
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Theorem 1. With appropriate assumptions, the system of differentjaedions (2)
has a unique solutiorp(k,t), such that

tlmp(kat) = pS(k)a
whereps : Q — [0, 1] is the stationary solution to the equatiof®.

As we showed in sections 3.1 and 3.2 the classical SIS mociele(ated and un-
correlated) are special cases of our epidemic model. ThusofEm 1 applies to
both of these examples. We next analyze the tintependensolutions.

4 The epidemic threshold for the general epidemic model

The main result of this section is the following theorem.

Theorem 2. There exists a strictly positive stationary solutipg: Q — (0,1] to
the equations in(2) if and only ifA > Ac whereA. := 1/A; with A; denoting the
largest positive eigenvalue of the operator T. The nunias thus referred to as
theepidemic threshold

In particular, for the classical uncorrelated system inia@.1, we showed that
A1 = (k)/(k?), so the epidemic threshold for this systemiis= (k?)/(k), which
is the famous result in [6]. For the classical correlatedesysin Section 3.2, the
epidemic threshold is given b\t = 1/A1 whereA; is the largest eigenvalue of the
correlation matrix. This fact was also derived in [1] by dreatmethod.

4.1 Stationary solutions and a fixed point problem
Here, by a stationary solution, we mean a measurable fungtioQ — [0, 1] satis-
fying the first equation in (2) (omitting the initial conditi requirement}:

0= —ps(k) +A(1—ps(k))(Tps)(K), (10)
noting thatd: ps(k) = 0. Solving forps we find that

ATps

Ps= 71+)\Tps'

In other words, ifK = {measurable : Q — [0,1]} and

1 Technically speaking the equality (10) only holds almosely that is, (10) holds except fér
on a set of probability zero. However, throughout this pafmerbrevity, we shall ignore sets of
probability zero and write= without prefacing the equality with “almost everywhere”.
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F:K—K

is the map
AT¢

1+AT¢o’

then it follows thatps : Q — [0, 1] is a stationary solution to the dynamical equation
(2) if and only if ps = F ps; that is,ps is a fixed point for.

F¢ = (11)

Lemma 1. For the epidemic model, the following statements are edgmia

1. ps: Q — [0,1] is a stationary solution t@2).
2. The function E K — K has a fixed poinps € K.

Of courseps = 0 is a stationary solution, which is uninteresting, and ireph
demic theory we are really interestedrionvanishingstationary solutions. In the
next subsection we give necessary and sufficient conditaristhat guarantees a
nonvanishing stationary solution.

4.2 Proof of Theorem 2

Assume that there is a non vanishing stationary solutigrve shall prove that

A > 1/A1. From(2) of Lemma 1, we know thabs = % By assumptionps
S
is strictly positive, sdl ps is also strictly positive, and therefore
(ATps)?
ATps—ps= -—— =t
Ps=Ps= 1 3 7p

defines a strictly positive functiop: Q — (0,%). Hence, if|| || denotes the norm
onl?(Q), then

ISl = [ ps(?dP(9 < [ (ps(19 + (k) dP() = [jps + g

Thus,||ps|| < ||ps+ g||. On the other hand, g%+ g = AT ps, we have||ps+g|| =
A|ITps||- SinceAy is the largest eigenvalue @f, it follows that

[ITps|| < Adllps|-

Finally, we conclude that
l[psll < AAs][ps]-

Dividing by || ps|| # 0 we see that & AA;.
Now assume thatA; > 1; we want to prove there is a strictly positive function
ps: Q — (0,1] such thaps = F(ps), whereF : K — K is the map found in (11).
Step 1: To find the fixed point we construct it. Leb := 1 and fori > 0 put
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pir1=F(pi).

(Note that 1€ K = {measurable : Q — [0,1]}, sop:1 := F(1) € K, and by recur-
sion, all thep;’s belong toK.) We claim that{p; } is a non increasing sequence of
functions:

Po=p1>pP2>p3>--->0.

To prove this, we first claim thd itself is non decreasing; that is, ifQ ¢ < y,
thenF(¢) < F(y). To see this, let & ¢ < ¢ and observe that

A A
FO)<F) = 1+;£¢ = 1+;$w

< ATO(L+ATY) <ATY(1+ATe)
— T¢<Ty (cancel\?T¢ Ty from both sides)

= [tkK)$()dPK) < [TcK)YK)dPK),

which is true sinca > 0 (by assumption) andl < . Now it is obvious that

py e )

=— <
1+AT(1) — L

that is,p; < po. Having just proved tha is non decreasing, we see that
F(p1) <F(po), whichistosay, p, <p.

Applying F to the inequalityp, < p1 givesps < p». Continuing by induction we
see thap;, 1 < p; and our proof is complete. It follows that for edck Q, the limit
p(Kk) = ilmpi(k)
exists.
Step 2: We claim thafp = F(p) and thafp (k) > O for allk € Q, which completes
our proof. The fact thgb = F(p) is easy: Since & p; < 1 for alli and the integral

J1(k,K)1dP(K') =T(1) is finite (for almost everk), by the Lebesgue Dominated
Convergence Theorem, the following interchange of limd artegral is valid:

lim Tp, = lim Tk, K) pi(K) dP(K) = /r(k,k’) Jim pi(K) dP(K)

| —00 | —00

=/r(k,k’)p(k’)dP(k’)

=Tp.
Therefore,
TP .. ATpa ATp
P '—i'ﬂlp' —i'ﬂlF(P'*l) —i'ﬂl 1+ATpi1 14+ATp F(p)-
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To prove thap (k) > 0 for allk € Q, we need the following lemma.

Lemma 2. Assum@\y, the largest eigenvalue of T, has a strictly positive eigetor
V:Q — (0,). For € > 0 put

%_{¢:Q_>[o,1];%lg¢§1},

and let F: K — K be the map defined ifl1). Then givem > 1/A,, there is an
€ > 0 such that
F: o — .

Proof. We have to show that far > 0 sufficiently small, we have

eV ATo
1+ev™ 1+AT9

<1 forall¢ € .

The second inequality is clear. By cross multiplying, thstfinequality holds if and
only if
EV(I+ATY) <ATH(1+ev),

which holds if and only if (cancelingv-AT¢ from both sides—which we can do
sincev is strictly positive)ev < AT ¢.

We note that T is monotone because itis giveliBy) (k) = [t(k,kK') f (K )dP(K'),
wheret(k, k') is nonnegative. So, if (k) < g(k) it follows that (T f)(k) < (T g)(k).
Now by monotonicity ofT we have

ev
1+ev

ev
< AT <AT¢.
¢ = <1+8V>_ ¢

Thus, to proveev < AT¢ holds, it suffices to prove thav < AT _1?’8\/ for

€ > 0 sufficiently small; which is to say, we want to show thatdas 0 sufficiently

small,

v(k) < AT ( 1+"£V) (k) forallke Q. (12)

This is satisfied by Axiom 5 in the case whénis infinite. In the case whef is
finite, this inequality also holds. Indeed, whenr= 0, the inequality (12) is(k) <
AT(v)(k) = AA1v(K) which holds becausgA; > 1. It follows by continuity that for
eachk € Q the inequality (12) holds for alt < g for someg, > 0. Takingg to be
the minimum of thegy's we see that for alk < &, the inequality (12) holds. This
completes our proof.

Back to our proof, to see that > 0, letv be a strictly positive eigenvector for
T associated to the eigenvaldg Then by Lemma 2 we know that far> 0 suffi-
ciently small, we hav& : & — o, which is to say,

EV &V
<<l =
1+£v—¢—

14—£vS Fe)s1
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. . _ £V
Sincepp = 1 in our sequence, we certainly ha\iem < pp < 1. Therefore,

since p1 = F(po), we have

<pp<1.H , — F(py), again ap-
Tyey S PL< 1 Hence, ap, (p1), again ap

plying Lemma 2, we getli—vgv < p2 < 1. Continuing by induction we see that

T ev < p < 1foralli. Takingi — oo we obtain

0<

<p<1
1+8v_p_

completing the proof.

5 Conclusions

In this paper we attempt to provide a rigorous axiomatic ttation to the study of
epidemiology. The axioms of our model are given in Sectidn Bor systems that
satisfy our axioms we have proved the existence of a nonzatiosary solution if
and only ifA > Ac whereA. := 1/A; with A; denoting the largest positive eigenvalue
of the operatof . The numbeA is thus referred to as thepidemic threshold. The
classical uncorrelated and correlated SIS models areapeses of our epidemic
model. Under appropriate assumptions, the nonzero stati@olution is the limit
of a unique time dependant solution. Our axioms should afgpéybroad range of
interacting particle systems.
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