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Abstract We provide a rigorous axiomatic framework to study epidemiology on
complex networks. Our axioms apply to the epidemic spreading on complex net-
works in which there are explicit correlations among the degrees of connected ver-
tices as described in [1]. We prove a necessary and sufficientcondition for our epi-
demic model to have a nonzero stationary solution. We believe this is the first proof
of such a general result. Moreover, under appropriate conditions we show that the
time independent solution is the limit of a unique time dependent solution. We also
provide a rigorous definition of the epidemic threshold,λc := 1/λ1 with λ1 denoting
the largest positive eigenvalue of an operatorT given in the axioms of our model.

1 Introduction

Understanding the mechanism behind the emergence and perseverance of infected
individuals on a complex network is an important problem of interest in varied dis-
ciplines including biology, physics, social sciences and mathematics [2, 3]. From
the Susceptible-Infected-Susceptible, (abbrev. SIS), model in epidemiology a rich
mathematical theory is developing which provides insight into how a disease can
spread across complex networks [4, 5]. In the SIS model on a connected undirected
graph, the nodes represent individuals who are in one of two states: infected (those
carrying the disease) or susceptible (those who do not have the disease yet but can
catch it). The edges of the graph correspond to the contacts between individuals.
Only susceptible individuals in contact with one or more infected individual may
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become infected. Infected individuals can spontaneously become susceptible again.
When the spreading rate of a disease is greater than the network’s epidemic thresh-
old, a nonzero fraction of the population becomes infected in the long term. For an
uncorrelated network, the epidemic threshold is the quotient of the expected degree
of the network and the expected degree squared [5].

How does one define the epidemic threshold when the degree of neighboring ver-
tices in the network are correlated? In [1], they relate the presence or absence of an
epidemic threshold to the eigenvalue spectra of certain connectivity matrices of the
network. One of the goals of this paper is to put this observation on a firm math-
ematical foundation. To do this we create an axiomatic foundation for epidemics
which generalizes the uncorrelated and correlated SIS models. Our epidemic model
also provides a framework for studying more general interacting particle systems.

The organization of the paper is as follows. In Section 2 we will introduce the
axioms of our epidemic model. In Section 3 we show that the classical correlated
and uncorrelated SIS models satisfy the axioms of our model.We point out that
the dynamics of our model (under appropriate assumptions) have a unique time
dependent solution which converges to a stationary one. In Section 4 we prove the
main result of the paper (see Theorem 2); a necessary and sufficient condition for
the existence of a nonzero stationary solution for our epidemic model.

2 Axioms of the Epidemic Model

An epidemic model shall be described in terms of three primitive notions:

Ω , ρ , andT

whereΩ is a set,ρ : Ω × [0,∞) → [0,1] is a function, andT : L2(Ω) → L2(Ω) is a
continuous linear map on the Hilbert spaceL2(Ω) of real-valued square integrable
functions onΩ . We will first describe the intended concrete interpretation of these
three primitive notions before giving the axioms.

In the study of epidemics on a graph,Ω is the set of degrees of the vertices in
the graph–i.e. the number of connections the vertices make to other vertices. In this
contextΩ is a subset of natural numbers,Ω ⊆ N. The setΩ is the sample space
where a probability distributionP(k),k ∈ Ω , describes the degree (i.e. number of
neighbors for each vertex) distribution of the graph.

The functionρ : Ω × [0,∞) → [0,1] can be interpreted as theepidemic stateof
the system. Givenk∈ Ω andt ∈ [0,∞), the numberρ(k,t) represents the probability
that a degreek vertex is infected at timet.

The physical meaning of the operatorT : L2(Ω) → L2(Ω) needs more explana-
tion. Recall that a Hilbert space is a complete inner productspace, where the inner
product is defined by

〈 f ,g〉 =
∫

Ω
f (k)g(k)dP(k).
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We are in particular interested in the subset ofL2(Ω) consisting of probability func-
tionsϕ : Ω → [0,1] that assign to each degreek∈Ω the probability that that a degree
k vertex is infected. We call such probability functions thestatesof the system.

The operator
T : L2(Ω) → L2(Ω)

is assumed to be an non negative integral operator in the sense that there is a mea-
surable function

τ : Ω ×Ω → [0,∞)

such that

(T f)(k) =

∫

Ω
τ(k,k′) f (k′)dP(k′) for all f ∈ L2(Ω) andk∈ Ω . (1)

We shall assume thatτ satisfies the generalizeddetailed balance condition

τ(k,k′) = τ(k′,k) for all k,k′ ∈ Ω .

This implies, in particular, thatT is symmetricby Fubini’s theorem. In the case
whereΩ is a finite set, as in the case when you have a finite graph, you can think of
T as a symmetric matrix with non negative entries. Letϕ : Ω → [0,1] be a state of
the system. Then the functionTϕ : Ω → [0,∞) is to be interpreted as follows. Given
k∈ Ω , the value(Tϕ)(k) ∈ [0,∞) is a measure of the possibility that the nodek can
be infected.

2.1 Axioms on the epidemic model

Using the three primitive notionsΩ , ρ , andT intuitively explained in the previous
section we now state our axioms for an epidemic model. A system (Ω ,ρ ,T) shall
be called anepidemic modelif the following Axioms are satisfied.

Axiom 1: Ω is the sample space of a probability space(Ω ,P), whereP is a proba-
bility measure on aσ -algebra of subsets ofΩ .

Axiom 2: The operatorT : L2(Ω) → L2(Ω) is a compact integral operator whereτ
in (1) satisfies the detailed balance condition.

Axiom 3: The largest positive eigenvalue,λ1, of T has an associated eigenvector
v : Ω → (0,∞) that is strictly positive.

Axiom 4: Theepidemic stateof the model

ρ : Ω × [0,∞) → [0,1]

satisfies the system of nonlinear differential equations

{

∂tρ(k,t) = −ρ(k,t)+ λ (1−ρ(k,t))(Tρ)(k,t),
ρ(k,0) = ρ0(k),

(2)
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whereρ0 : Ω → [0,1] is the initial state of the system, assumed to be
a measurable function, and whereλ > 0 is called the(effective) rate of
infection.

Axiom 5: In the case, and only in the case when,Ω is infinite, we require that for
eachλ > 1/λ1, the inequality

v≤ λT

(

v
1+ εv

)

holds for allε > 0 sufficiently small.

3 The Classical SIS Model

Below we will see how the classical SIS models (uncorrelatedand correlated) satisfy
the axioms of our epidemic model.

3.1 The uncorrelated SIS model

Given a connected graph (finite or infinite) letΩ denote the set of all degrees of the
nodes of the graph and suppose these nodes have the degree distributionP(k). Thus,
(Ω ,P) is a probability space with the probability measure given by

P(ω) = ∑
k∈ω

P(k) for all ω ⊆ Ω ; (3)

here we follow the standard notation of identifying the probability measureP (on
the left in (3)) with its distributionP(k) (on the right in (3)). The average degree of a
node is given by〈k〉 = ∑i iP(i). Let ρ(k,t) be the density of infected degreek nodes
at timet. We assume that the degrees of each node are uncorrelated andhence the
probability that an edge leads to an infected node is independent of the degrees of
neighboring nodes. Consider the following proposition proved elsewhere [6, 7].

Proposition 1. The probability that an edge leads to an infected node is given by

Θ =
1
〈k〉 ∑

k′
k′P(k′)ρ(k′,t). (4)

Since the higher the degree of a node, the more likely the nodewill be infected, it
follows that given k, the number kΘ is a measure of the possibility that a node of
degree k can be infected.

With this proposition at hand we can now set up the classical SIS model. First,
we assume that
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1. The proportion of susceptible nodes become infected at a rate proportional to
(1−ρ(k, t))kΘ .

Note that 1− ρ(k, t) represents the proportion of degreek nodes not infected (the
susceptible nodes) whilekΘ , based on the remark concerningkΘ in Proposition 1,
measures the possibility that a degreek node gets infected.

We also assume that

2. The number of infected nodes decreases at a rate proportional to the number
infected nodes.

The following nonlinear differential equation describes the dynamics of our sys-
tem [6]:















∂tρ(k, t) = −ρ(k,t)+ λ (1−ρ(k,t))kΘ(t),

Θ(t) =
1
〈k〉 ∑

k

kP(k)ρ(k,t) ,

ρ(k,0) = ρ0(k),

(5)

whereρ0 is the initial infectivity distribution.
The uncorrelated SIS model and equation (5) is a particular case of the epidemic

model,(Ω ,ρ ,T), given in the axioms of Section 2.1. We now verify that the axioms
are satisfied.

Axiom 1: LetΩ ⊆N be the set of degrees of the graph. For example,Ω = {2,5,7}
means that every vertex has 2, 5, or 7 connections. The sigma algebra is
the power set ofΩ (i.e. the set of all subsetsA⊆Ω ). ForA⊆Ω we define
the probability measureP(A) = ∑k∈AP(k) whereP(k) is a probability
mass function onΩ .

Axiom 2: Observe that the top equation in (5) is of the form (2) ifkΘ = Tρ where

T f(k) =
1
〈k〉 ∑

k′
k f(k′)k′P(k′)

for all f ∈ L2(Ω). In this discrete case, integrals are really summations
so we can writeT as

T f(k) =

∫

Ω
τ(k,k′) f (k′)dP(k′),

whereτ(k,k′) = kk′/〈k〉. By definition, forτ(k,k′) to be a measurable
function, the preimage of any interval in[0,∞) must be an element of
the product sigma algebra ofΩ ×Ω . This is trivially satisfied here since
the sigma algebra is the power set ofΩ ×Ω . Moreover, it is clear thatτ
satisfies the detailed balance condition.
Next we show thatT is a compact operator. By definition ofT, given any
f ∈ L2(Ω) we have

T f(k) =
k
〈k〉 ∑

k′
f (k′)k′P(k′) =

1
〈k〉

〈 f ,v〉v(k),
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where〈 f ,v〉 is theL2(Ω) inner product off andv with v : Ω → (0,∞)
the functionv(k) = k for all k∈ Ω . Hence,

T =
1
〈k〉

〈·,v〉v. (6)

To show thatT is compact we must show that iffi is a convergent se-
quence of functions thenT fi has a convergent subsequence. But1

〈k〉〈 fi ,v〉
is a bounded sequence of real numbers and so by the Bolzano-Weierstrass
theorem it has a convergent subsequence. Sincev is fixed, it follows that
T fi has a convergent subsequence.

Axiom 3: From (6) we see that the image ofT is the span ofv. It follows that for
all f ∈ L2(Ω), we haveT f = 0 if f ⊥ v and if f = v, we have

Tv= λ1v , where λ1 =
〈k2〉

〈k〉

with 〈k2〉 = 〈v,v〉 = ∑k k2P(k), the average value ofk2. It follows thatT
has exactly one eigenvalue, given byλ1 and moreover,λ1 has an associ-
ated strictly positive eigenvectorv : Ω → (0,∞) given byv(k) = k for all
k∈ Ω .

Axiom 4: The equations in (5) are of the form (2) ifkΘ = Tρ .
Axiom 5: In the case whenΩ is infinite, letλ > 1/λ1 and observe that

v≤ λT

(

v
1+ εv

)

⇐⇒ v≤
λ
〈k〉

〈

v
1+ εv

,v

〉

v ⇐⇒ 1≤
λ
〈k〉

〈

v
1+ εv

,v

〉

.

The functiong(ε) := λ
〈k〉

〈

v
1+εv,v

〉

is a continuous function ofε ∈ [0,∞).

Sinceg(0) = λ
〈k〉 〈v,v〉 = λ λ1 > 1, by continuityg(ε) > 1 for all ε > 0

sufficiently small. This completes the verification of Axiom5.

3.2 The correlated SIS model

Following [1] we now allow for correlations between the degrees of neighboring
vertices. We henceforth assume thatΩ is a connected finite graph. LetP(k′|k) be the
conditional probability that a vertex of degreek′ is connected to a vertex of degree
k. In the spirit of Proposition 1 we have the following result proved elsewhere [1, 8].

Proposition 2.
Θ(k,t) = ∑

k′
P(k′|k)ρ(k′,t) (7)

is the probability an edge originating at a degree k vertex leads to an infected vertex.

The differential equation (5) takes the following form [1]:
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









∂tρ(k, t) = −ρ(k,t)+ λ (1−ρ(k,t))kΘ(k,t),
Θ(k, t) = ∑

k′
P(k′|k)ρ(k′,t) ,

ρ(k,0) = ρ0(k),

(8)

whereρ0 is the initial infectivity distribution. We now verify thatthe correlated SIS
system satisfies our axioms.

Axiom 1: Same as in uncorrelated case butΩ now is finite.
Axiom 2: Observe that the top equation in (8) is of the form (2) ifkΘ = Tρ where

T f(k) = ∑
k′

kP(k′|k) f (k′) (9)

for all f ∈ L2(Ω). Note that sinceΩ is finite, all functionsf : Ω → R are
in L2(Ω). Hence, ifN is the number of distinct degrees of the graph then
L2(Ω) ∼= R

N where we make the identification of a functionf : Ω → R

with the vector( f (i1), f (i2), . . . , f (iN)) ∈ R
N whereΩ = {i1, . . . , iN}.

With this identification, we see that written as a matrix we have T =
[Tkk′ ] whereTkk′ = kP(k′|k). Thus, we see thatT is exactly thecorrelation
matrix of [1]. Note that we can rewrite (9) as

T f(k) =
∫

Ω
τ(k,k′) f (k′)dP(k′),

whereτ(k,k′) = kP(k′|k)/P(k′). As in the uncorrelated case,τ is triv-
ially a measurable function. The detailed balance condition for physical
networks is [1]:

kP(k′|k)P(k) = k′P(k|k′)P(k′).

This equality implies thatτ(k,k′) = τ(k′,k). ThatT is a compact operator
follows from that fact thatL2(Ω) ∼= R

N and any linear map onRN is
compact by the Bolzano-Weierstrass theorem.

Axiom 3: From the connectedness of our graph it follows that the operator T is
irreducible and sincekP(k′|k) ≥ 0 we see from (9) thatT is nonnegative,
hence by the Perron-Frobenius theorem, the largest eigenvalueλ1 of T (is
simple and) has an associated strictly positive eigenvector v : Ω → (0,∞)
(see [9] for details).

Axiom 4: The equations in (5) are of the form (2) ifkΘ = Tρ .

3.3 Existence and Uniqueness theorem

The the system of nonlinear differential equations 2 does have a time dependent
solutionρ(k, t) which converges to the stationary one. In [8] we prove the following
existence and uniqueness theorem:
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Theorem 1. With appropriate assumptions, the system of differential equations (2)
has a unique solution,ρ(k, t), such that

lim
t→∞

ρ(k,t) = ρs(k),

whereρs : Ω → [0,1] is the stationary solution to the equations(2).

As we showed in sections 3.1 and 3.2 the classical SIS models (correlated and un-
correlated) are special cases of our epidemic model. Thus, Theorem 1 applies to
both of these examples. We next analyze the time-independentsolutions.

4 The epidemic threshold for the general epidemic model

The main result of this section is the following theorem.

Theorem 2. There exists a strictly positive stationary solutionρs : Ω → (0,1] to
the equations in(2) if and only if λ > λc whereλc := 1/λ1 with λ1 denoting the
largest positive eigenvalue of the operator T . The numberλc is thus referred to as
theepidemic threshold.

In particular, for the classical uncorrelated system in Section 3.1, we showed that
λ1 = 〈k〉/〈k2〉, so the epidemic threshold for this system isλc = 〈k2〉/〈k〉, which
is the famous result in [6]. For the classical correlated system in Section 3.2, the
epidemic threshold is given byλc = 1/λ1 whereλ1 is the largest eigenvalue of the
correlation matrix. This fact was also derived in [1] by another method.

4.1 Stationary solutions and a fixed point problem

Here, by a stationary solution, we mean a measurable function ρs : Ω → [0,1] satis-
fying the first equation in (2) (omitting the initial condition requirement):1

0 = −ρs(k)+ λ (1−ρs(k))(Tρs)(k), (10)

noting that∂tρs(k) ≡ 0. Solving forρs we find that

ρs =
λTρs

1+ λTρs
.

In other words, ifK = {measurableϕ : Ω → [0,1]} and

1 Technically speaking the equality (10) only holds almost surely, that is, (10) holds except fork
on a set of probability zero. However, throughout this paper, for brevity, we shall ignore sets of
probability zero and write= without prefacing the equality with “almost everywhere”.
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F : K → K

is the map

Fϕ =
λTϕ

1+ λTϕ
, (11)

then it follows thatρs : Ω → [0,1] is a stationary solution to the dynamical equation
(2) if and only if ρs = Fρs; that is,ρs is a fixed point forF.

Lemma 1. For the epidemic model, the following statements are equivalent:

1. ρs : Ω → [0,1] is a stationary solution to(2).
2. The function F: K → K has a fixed pointρs ∈ K.

Of course,ρs ≡ 0 is a stationary solution, which is uninteresting, and in anepi-
demic theory we are really interested innonvanishingstationary solutions. In the
next subsection we give necessary and sufficient conditionson λ that guarantees a
nonvanishing stationary solution.

4.2 Proof of Theorem 2

Assume that there is a non vanishing stationary solutionρs; we shall prove that

λ > 1/λ1. From(2) of Lemma 1, we know thatρs =
λTρs

1+ λTρs
. By assumption,ρs

is strictly positive, soTρs is also strictly positive, and therefore

λTρs−ρs =
(λTρs)

2

1+ λTρs
=: g

defines a strictly positive functiong : Ω → (0,∞). Hence, if‖ ‖ denotes the norm
onL2(Ω), then

‖ρs‖
2 =

∫

ρs(k)
2dP(k) <

∫

(ρs(k)+g(k))2dP(k) = ‖ρs+g‖2.

Thus,‖ρs‖ < ‖ρs+ g‖. On the other hand, asρs+ g = λTρs, we have‖ρs+ g‖ =
λ‖Tρs‖. Sinceλ1 is the largest eigenvalue ofT, it follows that

‖Tρs‖ ≤ λ1‖ρs‖.

Finally, we conclude that
‖ρs‖ < λ λ1‖ρs‖.

Dividing by ‖ρs‖ 6= 0 we see that 1< λ λ1.
Now assume thatλ λ1 > 1; we want to prove there is a strictly positive function

ρs : Ω → (0,1] such thatρs = F(ρs), whereF : K → K is the map found in (11).
Step 1: To find the fixed point we construct it. Letρ0 := 1 and fori > 0 put
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ρi+1 = F(ρi).

(Note that 1∈ K = {measurableϕ : Ω → [0,1]}, soρ1 := F(1) ∈ K, and by recur-
sion, all theρi ’s belong toK.) We claim that{ρi} is a non increasing sequence of
functions:

ρ0 ≥ ρ1 ≥ ρ2 ≥ ρ3 ≥ ·· · ≥ 0.

To prove this, we first claim thatF itself is non decreasing; that is, if 0≤ ϕ ≤ ψ ,
thenF(ϕ) ≤ F(ψ). To see this, let 0≤ ϕ ≤ ψ and observe that

F(ϕ) ≤ F(ψ) ⇐⇒
λTϕ

1+ λTϕ
≤

λTψ
1+ λTψ

⇐⇒ λTϕ(1+ λTψ) ≤ λTψ(1+ λTϕ)

⇐⇒ Tϕ ≤ Tψ (cancelλ 2Tϕ Tψ from both sides)

⇐⇒

∫

τ(k,k′)ϕ(k′)dP(k′) ≤
∫

τ(k,k′)ψ(k′)dP(k′),

which is true sinceτ ≥ 0 (by assumption) andϕ ≤ ψ . Now it is obvious that

ρ1 :=
λT(1)

1+ λT(1)
≤ 1,

that is,ρ1 ≤ ρ0. Having just proved thatF is non decreasing, we see that

F(ρ1) ≤ F(ρ0) , which is to say, ρ2 ≤ ρ1.

Applying F to the inequalityρ2 ≤ ρ1 givesρ3 ≤ ρ2. Continuing by induction we
see thatρi+1 ≤ ρi and our proof is complete. It follows that for eachk∈ Ω , the limit

ρ(k) := lim
i→∞

ρi(k)

exists.
Step 2: We claim thatρ = F(ρ) and thatρ(k) > 0 for all k∈ Ω , which completes

our proof. The fact thatρ = F(ρ) is easy: Since 0≤ ρi ≤ 1 for all i and the integral
∫

τ(k,k′)1dP(k′) = T(1) is finite (for almost everyk), by the Lebesgue Dominated
Convergence Theorem, the following interchange of limit and integral is valid:

lim
i→∞

Tρi = lim
i→∞

∫

τ(k,k′)ρi(k
′)dP(k′) =

∫

τ(k,k′) lim
i→∞

ρi(k
′)dP(k′)

=

∫

τ(k,k′)ρ(k′)dP(k′)

= Tρ .

Therefore,

ρ := lim
i→∞

ρi = lim
i→∞

F(ρi−1) = lim
i→∞

λTρi−1

1+ λTρi−1
=

λTρ
1+ λTρ

= F(ρ).
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To prove thatρ(k) > 0 for all k∈ Ω , we need the following lemma.

Lemma 2. Assumeλ1, the largest eigenvalue of T , has a strictly positive eigenvector
v : Ω → (0,∞). For ε > 0 put

Aε =

{

ϕ : Ω → [0,1] ;
εv

1+ εv
≤ ϕ ≤ 1

}

,

and let F : K → K be the map defined in(11). Then givenλ > 1/λ1, there is an
ε > 0 such that

F : Aε → Aε .

Proof. We have to show that forε > 0 sufficiently small, we have

εv
1+ εv

≤
λTϕ

1+ λTϕ
≤ 1 for all ϕ ∈ Aε .

The second inequality is clear. By cross multiplying, the first inequality holds if and
only if

εv(1+ λTϕ) ≤ λTϕ(1+ εv),

which holds if and only if (cancelingεv · λTϕ from both sides–which we can do
sincev is strictly positive)εv≤ λTϕ .

We note that T is monotone because it is given by(T f)(k)=
∫

t(k,k′) f (k′)dP(k′),
wheret(k,k′) is nonnegative. So, iff (k) ≤ g(k) it follows that(T f)(k) ≤ (Tg)(k).
Now by monotonicity ofT we have

εv
1+ εv

≤ ϕ =⇒ λT

(

εv
1+ εv

)

≤ λTϕ .

Thus, to proveεv ≤ λTϕ holds, it suffices to prove thatεv ≤ λT

(

εv
1+ εv

)

for

ε > 0 sufficiently small; which is to say, we want to show that forε > 0 sufficiently
small,

v(k) ≤ λT

(

v
1+ εv

)

(k) for all k∈ Ω . (12)

This is satisfied by Axiom 5 in the case whenΩ is infinite. In the case whenΩ is
finite, this inequality also holds. Indeed, whenε = 0, the inequality (12) isv(k) ≤
λT(v)(k) = λ λ1v(k) which holds becauseλ λ1 > 1. It follows by continuity that for
eachk∈ Ω the inequality (12) holds for allε < εk for someεk > 0. Takingε0 to be
the minimum of theεk’s we see that for allε < ε0, the inequality (12) holds. This
completes our proof.

Back to our proof, to see thatρ > 0, let v be a strictly positive eigenvector for
T associated to the eigenvalueλ1. Then by Lemma 2 we know that forε > 0 suffi-
ciently small, we haveF : Aε → Aε , which is to say,

εv
1+ εv

≤ ϕ ≤ 1 =⇒
εv

1+ εv
≤ F(ϕ) ≤ 1.
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Since ρ0 = 1 in our sequence, we certainly have
εv

1+ εv
≤ ρ0 ≤ 1. Therefore,

sinceρ1 = F(ρ0), we have
εv

1+ εv
≤ ρ1 ≤ 1. Hence, asρ2 = F(ρ1), again ap-

plying Lemma 2, we get
εv

1+ εv
≤ ρ2 ≤ 1. Continuing by induction we see that

εv
1+ εv

≤ ρi ≤ 1 for all i. Takingi → ∞ we obtain

0 <
εv

1+ εv
≤ ρ ≤ 1.

completing the proof.

5 Conclusions

In this paper we attempt to provide a rigorous axiomatic foundation to the study of
epidemiology. The axioms of our model are given in Section 2.1. For systems that
satisfy our axioms we have proved the existence of a nonzero stationary solution if
and only ifλ > λc whereλc := 1/λ1 with λ1 denoting the largest positive eigenvalue
of the operatorT. The numberλc is thus referred to as theepidemic threshold. The
classical uncorrelated and correlated SIS models are special cases of our epidemic
model. Under appropriate assumptions, the nonzero stationary solution is the limit
of a unique time dependant solution. Our axioms should applyto a broad range of
interacting particle systems.
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