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We provide a rigorous axiomatic framework to study the critical behavior of disease spreading
on top of a complex network. A necessary and sufficient condition for our general epidemic model
to undergo a phase transition is proven. It is known that an epidemic state undergoes a phase
transition when the infection rate surpasses the epidemic threshold. However, for networks having
degree-degree correlations, the epidemic threshold has never formally been defined. We define the
epidemic threshold as, λc := 1/λ′ with λ′ denoting the largest positive eigenvalue of an operator
T given in the axioms of our model. When the epidemic state is a strictly positive solution to a
fixed point equation our model is guaranteed to have a single phase transition. Percolation as well
as SIS/SIR epidemic models on complex correlated networks satisfy the axioms of our model. A
benefit of our axiomatic framework is that it highlights commonalities in a variety of interacting
particle systems.
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I. INTRODUCTION

There is considerable interest today in understanding
the mechanism of disease spreading. This is not only
because of the prevalence of news headlines about the
Swine Flu, or the impending extinction of the Tasmanian
Devil, or the mystery computer worm Conficker. Epi-
demic models offers scientists in such far ranging fields as
biology, physics, social science and mathematics, an im-
portant example of the phenomenon of critical behavior
on the top of complex networks. A complex network, is
a network or graph with non-trivial topological features-
features that do not occur in simple networks such as
lattices or random graphs. Critical behavior is charac-
terized by a dramatic and sudden change, or phase tran-
sition, in a macroscopic state. On a complex network,
a macroscopic behavior can’t be simply reduced to the
microscopic behavior of its constituents. One reason for
this is because in a complex network the distribution of
the number of neighbors of a vertex (degree) is typically
broad, with a tail that often follows a power law [1]. Real
world examples of complex networks are social networks
of acquaintances, protein-protein interactions, food webs,
and the World Wide Web.

From the Susceptible-Infected-Susceptible (abbrev.
SIS) model in epidemiology a rich mathematical theory
is developing which provides insight into how a disease
can spread across complex networks [2, 3]. In the SIS
model on a connected undirected graph, the vertices rep-
resent individuals who are in one of two states: infected
(those carrying the disease) or susceptible (those who do
not have the disease yet but can catch it). The edges of
the graph correspond to the contacts between individu-
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als. Only susceptible individuals in contact with one or
more infected individual may become infected. Infected
individuals can spontaneously become susceptible again.
When the infection rate exceed the network’s epidemic
threshold there is a phase transition and a strictly pos-
itive fraction of the population is infected in the long
term. Similar critical behavior phenomena are observed
in many other physical systems including percolation [4],
Ising-Potts models [5, 6], synchronization [7], reaction-
diffusion processes [8], sandpiles [9] and avalanches [10].

Real world networks are correlated (i.e. they cannot
be completely defined by a degree distribution, P (k),
alone), and so it is important to study critical phe-
nomena on complex networks with degree-degree correla-
tions [11, 12]. For an uncorrelated network, the epidemic
threshold for the SIS model is the quotient of the ex-
pected degree of the network and the expected degree
squared [3]. How does one define the epidemic threshold
when the degree of neighboring vertices in the network
are correlated? In [13], they relate the presence or ab-
sence of an epidemic threshold to the eigenvalue spectra
of certain connectivity matrices of the network. One of
the goals of this paper is to relate this observation to
a general fixed point theorem. The importance of do-
ing this is that one can begin to see commonalities be-
tween different physical systems. For example, in the
Bond Percolation model a strictly positive state satis-
fies a fixed point equation if and only if the probability
that a bond is retained in a randomly damaged network
exceeds the percolation threshold. Similarly in the SIS
model, a strictly positive epidemic states satisfies a fixed
point equation if and only if the infection rate exceeds
the epidemic threshold.

In this paper we define a general epidemic model guar-
anteed to exhibit a unique phase transition. The model is
expressed in the language of Banach space theory. The
model consists of four primitive notions related to one
another by six axioms, given in Section II B 1. The func-
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tion, F , involved in the fixed point equation mentioned
above, is an operator on the states of the system. The
states of the system are elements of a real Banach space
of functions, X(Ω), on a sample space Ω. There is also
an integral operator T , on X(Ω), and an “infection rate”,
λ > 0. Our main result is a fixed point theorem which
provides a necessary and sufficient condition for a gen-
eral epidemic model, (X(Ω), λ, T, F ), to have a strictly
positive epidemic state.

Theorem I.1 (Theorem III.1) Let (X(Ω), λ, T, F ) be a
general epidemic model satisfying the axioms of Sec-
tion II B 1. There exists a unique strictly positive solu-
tion x : Ω → (0, 1] to the fixed point equation x = F (x) if
and only if λ > λc where λc := 1/λ′ with λ′ denoting the
largest positive eigenvalue of the operator T . The number
λc is thus referred to as the epidemic threshold.

One may wonder why the author chose Banach space
theory to describe the model. Indeed, one could argue
that the set of degrees Ω is finite for a real world net-
work and so a Banach space, X(Ω), can be identified
with Euclidean space, as is discussed in Section VIIA.
The answer is that Banach space theory provides a con-
venient language to discuss many of the ideas in this pa-
per. The theory and application of fixed point theorems
on Banach spaces have a rich history and is the subject
of current investigation [17–20]. Using the language of
Banach spaces, only a little extra effort is required to
prove Theorem III.1 in its full generality.

The organization of the paper is as follows. In Sec-
tion II we introduce the primitive notions of a general
epidemic model and give the axioms of our model. In
Section III we state and prove the fixed point theorem,
Theorem III.1, stated above. The next two sections con-
tain examples of our general epidemic model. In Sec-
tion IV we introduce a Hybrid SIS/SIR model. In sec-
tion V we introduce the Bond and Site Percolation model.
Section VII provides mathematical prerequisites. The
Hybrid SIS/SIR model and Percolation model provide
an example of three different fixed point formulas. The
techniques used in this paper to verify the axioms should
extend to other interacting particle systems.

II. AXIOMS FOR A GENERAL EPIDEMIC
MODEL

A. Preliminaries

Our general epidemic model shall be described in terms
of four primitive notions:

X(Ω), λ, T and F .

X(Ω) is a Banach space of real valued functions on a
sample space Ω, containing the function 1, defined by
1(k) = 1, for all k ∈ Ω. A Banach space is a vector
space with a topology defined by some norm ‖ • ‖ that

is complete (see section VII for background material on
vector and matrix norms). The choice of Banach space
will depend on the specific application at hand. For ease
of notation we henceforth write X instead of X(Ω). The
infection rate, λ, is a nonnegative number. T : X → X,
is a linear operator on X. The function F : X → X
satisfies a fixed point equation x = F (x).

To make these notions more intuitive here is an exam-
ple of their role in the Susceptible-Infected-Susceptible
(SIS) model on a complex network with nearest neighbor
degree correlations. Given a finite undirected connected
network (graph) the degree of a node is the number of
edges connecting to that node. Let Ω denote the set
of distinct degrees present in the network (for example
Ω = {1, 2, 5} if each vertex of the network has degree
either 1,2 or 5). Let P (k) be the distribution of degrees,
and (Ω, P ) a probability space with the probability mea-
sure given by

P (ω) =
∑

k∈ω

P (k) for all ω ⊆ Ω; (1)

here we follow the standard notation of identifying the
probability measure P (on the left in (1)) with its distri-
bution P (k) (on the right in (1)).

Our Banach space, X, is the space of square integrable
functions L2(Ω), which because Ω is finite of size n, can
be identified with Euclidean space R

n (see Section VIIA).
The operator T : X → X is defined by

T (x)(k) =
∑

k′∈Ω

kP (k′|k)x(k′),

where P (k′|k) is the probability a degree k node leads to
a degree k′ node. Identifying X with R

n, the operator T
is a nonnegative diagonalizable matrix with real eigenval-
ues related to the correlation matrix for the network. We
allow for our network to have degree-degree correlations
but we will ignore non nearest neighbor degree correla-
tions. Hence the network is Markovian in the sense that
it can be fully described by P (k) and P (k′|k).

In the SIS model, at a given time, an individual has one
of two possible states, healthy (susceptible) or infected.
Let ρ(k, t) be the density of infected degree k individuals
in the network at time t.

The epidemic state of the model

ρ : Ω × [0,∞) → [0, 1]

satisfies the system of nonlinear differential equations

{

∂tρ(k, t) = −ρ(k, t) + λ(1 − ρ(k, t))(Tρ)(k, t),
ρ(k, 0) = ρ0(k),

(2)

where ρ0 : Ω → [0, 1] is the initial state of the system,
and where λ > 0 is called the (effective) rate of infec-
tion [13]. The first term −ρ(k, t) on the right of the
differential equation (2) says that infected individuals be-
come healthy again with a decay rate proportional to the
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density of infected individuals. The factor 1−ρ(k, t) rep-
resents the probability that a degree k node is susceptible
and (Tρ)(k, t) is a measure of the possibility that a degree
k susceptible node can become infected.

Remark Here, Tρ is the operator T acting on the func-
tion ρt : Ω → R, defined by ρt(k) := ρ(k, t), for all k ∈ Ω.

The infection rate, λ is a proportionality constant.
Setting ∂tρ(k, t) = 0 in the differential equation (2)

gives rise to a fixed point equation x = F (x), where
x(k) is the steady state density of degree k nodes. This
fixed point equation always has a zero solution. As we
shall prove, it has a strictly positive solution x : Ω →
(0, 1] exactly when the infection rate λ is greater than
the reciprocal of the largest eigenvalue of the operator T .

Below we give prerequisite mathematical background
to understand the axioms in Section II B 1 and establish
notation.

Definition A non-empty closed convex subset K of a
real Banach space X is a cone if it satisfies

x ∈ K, γ ≥ 0 ⇒ γx ∈ K

x,−x ∈ K ⇒ x = θ,

where θ is the zero element of X (i.e. θ(k) = 0 for all
k ∈ Ω) and γ is a scalar.

A cone K in X induces a partial ordering ≤ by the rule:
u ≤ v if and only if v − u ∈ K. In this paper, K is the
cone of nonnegative functions, K : Ω → [0,∞). It follows
that u ≤ v is equivalent to u(k) ≤ v(k), for all k ∈ Ω. In
this paper, we reserve the letters k and k′ for members
of the set Ω. If the context is clear, we will henceforth
omit saying, “for all k ∈ Ω”.

If K − K = X, (i.e., the set {u − v : u, v ∈ K} is
dense in X), then K is called a total cone. A cone, K
is called normal if there exists a constant N > 0 such
that, for all x, y ∈ X, θ ≤ x ≤ y implies ‖x‖ ≤ N‖y‖.
This condition ensures that the norm is compatible with
the partial order. In this case N is called the normality
constant of K.

The spectral radius of a matrix or a bounded linear
operator is the supremum among the absolute values of
the elements in its spectrum. The spectrum of an opera-
tor on a finite dimensional space is its set of eigenvalues.
On infinite dimensional spaces it can contain more than
just eigenvalues [14]. We will write the spectrum of an
operator T as ρ(T ).

We denote by Mn the set of real n × n square ma-
trices. A matrix, A ∈ Mn is irreducible if there is no
permutation matrix P such that

PT AP =

(

A11 A12

0 A22

)

for some square matrices Aij . An n vertex digraph, Γ(A),
is defined to have a directed arc from vertices vi to vj if

and only if the matrix element ai,j in A is nonzero. A
digraph Γ(A) is strongly connected if between every pair
of distinct nodes vi and vj there is a directed path of
finite length that begins at vi and ends at vj . It is known
that A, is irreducible if and only if its associated directed
graph Γ(A) is strongly connected [15].

We are now ready to state the classical theorem of O.
Perron and F.G. Frobenius for nonnegative matrices.

Theorem II.1 (Perron Frobenious Theorem [15]) Let
A ∈ Mnand suppose that A is irreducible and nonneg-
ative. Then

(a) ρ(A) > 0

(b) ρ(A) is an eigenvalue of A

(c) There is a vector ν, with strictly positive entries,
such that Aν = ρ(A)ν

(d) ρ(A) is simple (i.e. its corresponding eigenspace is
one-dimensional)

Below we will use the Krein-Rutman theorem which
generalizes the Perron Frobenious theorem of nonnega-
tive matrices to positive operators on a Banach space:

Theorem II.2 (Krein-Rutman[16]) Let X be a Banach
space, K ⊂ X a total cone and T : X → X a compact
linear operator that is positive (i.e. T (K) ⊂ K) with
positive spectral radius ρ(T ). Then ρ(T ) is an eigenvalue
with an eigenvector ν ∈ K − θ : Tν = ρ(T )ν.

Here, an operator T is called compact if T maps bounded
subsets of X to subsets of X whose closure is compact.

We consider only Banach spaces that contain the func-
tion 1, defined by 1(k) = 1. This assumption allows us
to make the following definition:

Definition The set K(0,1] := {x ∈ K | θ < x ≤ 1} are
the epidemic states of X.

To prove our main result, Theorem III.1, we will re-
quire our function F to be α-concave on K(0,1] [17, 18].

Definition An operator F : K(0,1] → K(0,1] is α-concave
if for all 0 < t < 1 and x ∈ K(0,1] there exists 0 < α =
α(t) < 1 such that

F (tx) ≥ tαF (x)

We will need the following reformulation of the defini-
tion of α-concave.

Lemma II.3 The following are equivalent:

(a) F is α-concave.

(b) There exists a real number η = η(t) > 0 such that

F (tx) ≥ t(1 + η)F (x), ∀x ∈ K(0,1] and 0 < t < 1.

Proof To show (a) implies (b), take η(t) = tα(t)−1 −
1. Conversely to show (b) implies (a), take α(t) =
ln(t(1+η(t)))

ln t
.
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B. Axioms for a general epidemic model

The axioms of our general epidemic model ensure that
Theorem III.1 hold. Any physical system satisfying these
axioms has an “epidemic threshold”.

1. Axioms

Using the four primitive notions X(Ω), λ, T , and F
introduced above, we describe our model. A system
(X(Ω), λ, T, F ) shall be called a general epidemic model
if the following six axioms are satisfied.

Axiom 1: Ω is the sample space of a probability space
(Ω, P ), where P is a probability measure on a σ-
algebra of subsets of Ω.

Axiom 2: X is a Banach space of real valued functions
on Ω, containing the element 1, defined by 1(k) = 1
for all k ∈ Ω. X has norm ‖ • ‖, partially ordered
by a normal total cone K of nonnegative functions.

Axiom 3: The operator T : X → X is a compact in-
tegral operator that is positive (i.e. T (K) ⊂ K)
with positive spectral radius λ′ = ρ(T ). Here, inte-
gral operator means there is a measurable function,
called the kernel of T ,

τ : Ω × Ω → [0,∞)

such that for all f ∈ X, we have

T (f)(k) =

∫

Ω

τ(k, k′) f(k′) dP (k′).

By the Krein Rutman theorem, λ′ is an eigenvalue
of T with eigenvector ν ∈ K − θ.

Axiom 4: The eigenvector ν, given in axiom 3, has
strictly positive entries.

Axiom 5: ‖T (x)‖ < λ′‖x‖ (x ∈ K)

Axiom 6: Let

K(0,1] = {x ∈ K | θ < x ≤ 1},

and for ǫ > 0, let

Cν,ǫ = {x ∈ K | ǫν ≤ x ≤ 1}.

There is a fixed point equation x = F (x) where
F : X → X is a function satisfying the following
conditions:

a. F is increasing on K(0,1] and F (K(0,1]) ⊆ K(0,1]

b. ‖F (x)‖ ≤ λ‖T (x)‖ for some λ > 0 (called the
infection rate)

c. For λ > 1/λ′ there exists an ǫ > 0 such that
F (ǫν) ∈ Cν,ǫ

d. F is α-concave

2. Remarks

Axiom 1 says that our epidemic model is on top
of a “network” with probability distribution P (k),
where k ∈ Ω is a (possibly infinite) set. Axiom
2 says that the model contains epidemic states or
probabilities that a node of degree k is infected.
Axiom 3 provides a linear operator, T , on the space
of positive functions on Ω. The operator T is a mea-
sure of the possibility that a degree k node can be
infected. Axiom 4 is necessary when the underly-
ing network isn’t connected or when Ω isn’t finite.
The inequality in Axiom 5 is used in Theorem III.1
to derive a necessary condition for our fixed point
equation to have a solution.

Axiom 6 says that our general epidemic model has
a fixed point equation with certain properties. It is
helpful to consider a simple example arising from
the SIS model on a homogeneous network. Let

F (x) =
x

1 + x
,

where x is a real number. This F satisfies ax-
ioms 6a-d (here the set Ω consists of a single point,
T (x) = x, λ = 1, and ‖ • ‖ is the absolute value).
Axioms 6a, c, d are required for the existence and
uniqueness part of the proof of Theorem III.1. Ax-
iom 6b is needed to derive a necessary condition for
our fixed point equation to have a solution. Note
that Axiom 6b implies

F (θ) = θ, (3)

since T (θ) = θ and by the nonnegative and positive
properties of a vector norm (see section VIIB).

III. THE EPIDEMIC THRESHOLD FOR A
GENERAL EPIDEMIC MODEL

The following theorem defines the epidemic threshold
for a general epidemic model.

Theorem III.1 Let (X(Ω), λ, T, F ) be a general epi-
demic model satisfying the axioms of Section II B 1.
There exists a unique strictly positive solution x : Ω →
(0, 1] to the fixed point equation x = F (x) if and only if
λ > λc where λc := 1/λ′, with λ′ denoting the largest
positive eigenvalue of the operator T . The number λc is
thus referred to as the epidemic threshold.

Proof First we show that for the fixed point equation
x = F (x) in axiom 6 to have a strictly positive solution it
is necessarily that λ > λc, where λc = 1/λ′. Lets assume
that x ∈ K(0,1] is a strictly positive solution. By axiom
6b, we have the inequality ‖x‖ = ‖F (x)‖ < λ‖T (x)‖.
Furthermore, by axiom 5, ‖T (x)‖ ≤ λ′‖x‖. We conclude
that

‖x‖ < λλ′‖x‖.
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Dividing by ‖x‖ 6= 0 we see that λλ′ > 1.
Next we prove a sufficient condition for our fixed point

equation to have a solution x ∈ K(0,1].
Step 1 (existence): We assume that λλ′ > 1. By

axiom 6d (which requires that λλ′ > 1), there exists
an ǫ > 0 such that F (ǫν) ∈ Cν,ǫ. We will show that
there exists a strictly positive x ∈ Cν,ǫ satisfying the
fixed point equation F (x) = x by constructing two se-
quences, {un}, {wn}, one increasing and one decreasing,
that converge to x. Notice that x is strictly positive since
by Axiom 4, ν is strictly positive.

We define the following sequences:

u0 = ǫν, w0 = 1, un = F (un−1), wn = F (wn−1),

for n = 1, 2, . . . . Then u0, w0 ∈ Cν,ǫ, u0 ≤ w0, and

u1 = F (ǫν) ≥ ǫν = u0. (4)

w1 = F (1) ≤ 1 = w0. (5)

Here, equation (4) holds because F (ǫν) ∈ Cν,ǫ. Equa-
tion (5) holds because 1 ∈ K(0,1] and so by axiom 6a,
F (1) ∈ K(0,1].

By equations (4),(5), we see that u0 ≤ u1 ≤ w1 ≤ w0.
It follows by induction and the monotonicity of F (axiom
6a) that

u0 ≤ u1 ≤ . . . un ≤ · · · ≤ wn ≤ . . . w1 ≤ w0.

Notice that un, wn ∈ Cν because ǫν ≤ u0, w0 ≤ 1.
In what follows we prove that {un} and {wn} are

Cauchy sequences. For any n ∈ N, there exists µ > 0
such that µwn ≤ un ≤ wn since un and wn are interior
points of K. Let

An = {µ > 0|un ≥ µwn},

and set

rn = supAn.

We see that 0 < rn ≤ 1 and rn is non-decreasing. So
limn→∞ rn = r for some 0 < r ≤ 1. We show that r = 1
by assuming that 0 < r < 1 and deriving a contradiction.
Since K is a closed set, rn ∈ An. Furthermore we have,

un+1 = F (un)

≥ F (rnwn) (since F is increasing)

= F
(rn

r
(rwn)

)

≥ rn

r

(

1 + η(
rn

r
)
)

F (rwn), for

η(
rn

r
) > 0 (since

rn

r
< 1 and axiom 6e)

≥ rn

r
F (rwn)

≥ rn (1 + η(r)) F (wn), for

η(r) > 0 (since 0 < r < 1)

= rn (1 + η(r)) wn+1.

Hence rn(1 + η(r)) ∈ An+1 and since rn+1 is the least
upperbound of An+1 we have rn+1 ≥ rn(1 + η(r)). Let-
ting n → ∞ we obtain r ≥ r(1 + η(r)). But this leads
to a contradiction since η(r) > 0. So we conclude that
r = 1 as claimed.

For any natural number p we have

0 ≤ un+p − un ≤ wn − un ≤ wn − rnwn ≤ (1 − rn)w0.

From the normality of K (axiom 2) it follows that
‖un+p − un‖ ≤ N(1 − rn)‖w0‖ → 0 as n → ∞. So
un is a Cauchy sequence; the same reasoning shows that
{wn} is also a Cauchy sequence.

Now we prove that F has a fixed point x ∈ Cν,ǫ. By
the completeness property of Banach spaces, there exists
u∗, w∗ ∈ X such that un → u∗ and wn → w∗. We have,

un ≤ wn ⇔ wn − un ∈ K

⇒ w∗ − u∗ ∈ K (since K is closed)

⇔ u∗ ≤ w∗.

It follows that un ≤ u∗ ≤ w∗ ≤ wn for n = 0, 1, 2, . . . ,
and so u∗, w∗ ∈ Cν,ǫ. Furthermore,

w∗ − u∗ ≤ wn − un ≤ (1 − rn)w0.

Hence by the normality of K, ‖w∗ − u∗‖ → 0. Let x ≡
u∗ = v∗. To complete the proof it remains to show that
x is a fixed point of F . Indeed,

un+1 = F (un) ≤ F (u∗) = F (x)

= F (w∗) ≤ F (wn) = wn+1,

and letting n → ∞ yields F (x) = x. It follows that F
has a fixed point x ∈ K(0,1] as claimed.

step 2 (uniqueness): We show that F has a unique
fixed point x ∈ K(0,1].

Suppose that x and y are fixed points of F in K(0,1].
Because x and y are interior points of K there exists an
a > 0 such that ay ≤ x ≤ y

a
. Let

A = {a > 0|ay ≤ x ≤ y

a
},

and let

a0 = supA.

Note that a0 ∈ A since K is closed. We claim that a0 = 1
(clearly 0 < a0 ≤ 1). Suppose not; if 0 < a0 < 1 then
x = F (x) ≥ F (a0y) ≥ aα

0 F (y) = aα
0 y (by axioms 6a and

6e). Similarly, we have y = F (y) ≥ F (a0x) ≥ aα
0 F (x) =

aα
0 x, so aα

0 ∈ A. But aα
0 > a0 (since 0 < α < 1 and

0 < a0 < 1) contradicting the fact that a0 is the least
upper bound of A. We conclude that x = y, as required.
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IV. A HYBRID SIS/SIR MODEL ON A
COMPLEX NETWORK

On our complex network we consider a three state hy-
brid model

S
1
⇄

λ1

I
λ2→ R, (6)

where each node is one of three states: S =healthy (sus-
ceptible to infection), I =infective, or R =immune (re-
covered). λ1, and λ2, is the rate that an infected indi-
vidual becomes susceptible, and recovered, respectively,
and 1 is the rate that a susceptible individual becomes
infected. The dynamics of our model will be discussed in
section IV C.

We are in particular interested in probability func-
tions f : Ω → [0, 1] that assign to each degree k ∈ Ω
the probability that that a degree k vertex is suscep-
tible, infected or removed. Lets write the density of
susceptible, infected and recovered nodes of degree k
at time t as S(k, t), I(k, t) and R(k, t) respectively with
S(k, t)+ I(k, t)+R(k, t) = 1. These are the states of the
system at time t. We will write S(k), I(k) and R(k) for
the steady state values of the epidemic states.

A. The SIS case

We call our model the Hybrid SIS/SIR model because
it includes the classical Susceptible-Infected-Susceptible
(SIS) and Susceptible-Infected-Recovered (SIR) epidemic
models as special cases depending on the values of λ2 and
λ1. In the first case, (called the SIS case) λ2 = 0, we get
the classical two state SIS model,

S
λ

⇄
1

I.

Here the infection rate is λ = 1
λ1

after dividing both the
rates by λ1 and rescaling time.

The operator

T : L2(Ω) → L2(Ω)

in case 1 (SIS case) of our hybrid model, is defined by

T (f)(k) =
∑

k′∈Ω

kP (k′|k)f(k′) (7)

for all f ∈ L2(Ω).
This definition of T is motivated by the following:

Proposition IV.1

T (I)(k) = k
∑

k′

P (k′|k)I(k′) (8)

is a measure of the possibility that a degree k node can be
infected.

Proof Consider a undirected connected graph, and the
set of all possible orientations of its edges. Let E be
the subset of directed edges emanating from a vertex of
degree k. Also, let E′ be the set of directed edges leading
to a vertex of degree k′. The number of edges originating
at k and ending at k′, n(E ∩ E′), multiplied with the
probability a degree k′ vertex is infected, I(k′), gives the
number of links originating from a degree k vertex and
leading to an infected degree k′ vertex. Dividing n(E ∩
E′)I(k′) by the size of E,

n(E′ ∩ E)I(k)

n(E)
= P (E′|E)I(k′),

gives the probability that an edge originating at a degree
k vertex leads to infected degree k′ vertex. We rewrite
P (E′|E) as P (k′|k). Summing over all the degrees k′ in
our graph we find that the probability that a half edge
originating at a node of degree k leads to an infected node
is

∑

k′

P (k′|k)I(k′).

The likelyhood that a healthy node of degree k makes
contact with a degree k′ infected node is k times more
likely then if the healthy node only has a single edge,
proving the claim.

B. The SIR case

The second case (called the SIR case) is where λ2 6= 0,

S
λ

⇄
λ1

λ2

I
1→ R.

The infection rate is λ = 1
λ2

after dividing the rates by
λ2 and renormalizing time. In the case when λ1 = 0 we
get the classical three state SIR model.

The operator

T : L2(Ω) → L2(Ω)

if λ1 = 0 (i.e.classical SIR model) is defined by

T (f)(k) =
∑

k′∈Ω

k
(k′ − 1)

k′
P (k′|k)f(k′)

for all f ∈ L2(Ω).

We now multiply P (k′|k)I(k′, t) by the fraction, k′−1
k′

,
since not all of the edges leading to an infected node
can transmit the disease. In the SIR model, we assume
that if a degree k’ node is infective that one of its edges
cannot transmit disease since it leads to the infected (or
removed) node that originally infected it. Hence we have,

Proposition IV.2

T (I)(k) = k
∑

k′

k′ − 1

k′
P (k′|k)I(k′)
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is a measure of the possibility that a degree k node can be
infected in the SIR case.

When λ1 6= 0, there is a nonzero possibility that an
infective node will become susceptible again. Hence T
will be the same as the SIS case when λ2 = 0 but λ1 6= 0.

C. Fixed point formula for the SIS/SIR model

Our fixed point formula arises as the steady state so-
lution of the system of differential equations,



























∂tS(k, t) = λ1I(k, t) − S(k, t)T (I)(k, t),
∂tI(k, t) = −(λ1 + λ2)I(k, t) + S(k, t)T (I)(k, t),
∂tR(k, t) = λ2I(k, t)

S(k, 0) = 1 − I0(k),
I(k, 0) = I0(k),
R(k, 0) = 0

(9)
where I0 : Ω → [0, 1] is the initial state of the system.

Remark Here, T (I) is the operator T acting on the func-
tion It : Ω → R, defined by It(k) := I(k, t).

These nonlinear differential equations describes the dy-
namics of (6). Our assumptions about the transmission
of the infection are as follows:

i The gain of infected degree k nodes each time step is
S(k, t)T (I)(k, t)

ii The loss of infected degree k nodes each time step
is proportional to I(k, t) with proportionality con-
stant (λ1 + λ2).

iii The gain of recovered degree k nodes each time step
is proportional to I(k, t) with proportionality con-
stant λ2

SIS case (λ2 = 0):
In this case R(k, t) = 0 so S(k, t) = 1 − I(k, t). Setting
∂I(k,t)

∂t
= 0 for the differential equation of I(k, t) in (9)

gives

0 = −(λ1 + λ2)I(k) + (1 − I(k))T (I)(k). (10)

Solving equation (10) for I(k) gives the fixed point for-
mula

I(k) =
λT (I)(k)

1 + λT (I)(k)
, (11)

where λ = 1
λ1

is the infection rate.

SIR case (λ2 6= 0):
To simplify our fixed point equation we assume I0 ≈ 0.

We also assume S(k, t) 6= 0 and limt→∞
I(k,t)
S(k,t) = 0. This

is justified since we are primarily interested in infection
rates λ < 1 so the rate of conversion of S to I is slower

than the rate of conversion of I to S or R. Further-
more, we necessarily have limt→∞ I(k, t) = 0 since the
antiderivative of I is R and R is bounded above by 1.

The differential equation for S(k, t) in (9) gives us

dS(k, t)

S(k, t)
= (λ1

I(k, t)

S(k, t)
− T (I)(k, t))dt. (12)

Integrating both sides of equation (12) we have

lnS(k, t) = λ1

∫

I(k, t)

S(k, t)
dt − 1

λ2
T (R)(k, t). (13)

Here we solve the differential equation for R in (9) giving
us

∫

I(k, t)dt =
1

λ2
R(k, t),

and hence
∫

T (I)(k, t)dt =
1

λ2
T (R)(k, t).

Taking t → ∞ on both sides of (13) we have

lnS(k) = − 1

λ2
T (R)(k),

using our assumption that limt→∞
I(k,t)
S(k,t) = 0. Solving

for S and using our assumption that I0 ≈ 0 we have

S(k) = e−λT (R)(k), (14)

where λ = 1
λ2

is the infection rate. Because R(k, t) is the

antiderivative of I(k, t) and R(k, t) is bounded above by
1, it follows that I(k) = 0 and R(k) = 1 − S(k). Hence
from equation (14) we get the fixed point equation

R(k) = 1 − e−λT (R)(k). (15)

D. Checking the axioms for the Hybrid SIS/SIR
model

We confirm that our hybrid SIS/SIR model satisfy the
6 axioms given in Section II B 1.

Axiom 1: Let Ω ⊆ N be the finite set of degrees of the
network. For A ⊆ Ω we define the probability mea-
sure P (A) =

∑

k∈A P (k) where P (k) is a probabil-
ity mass function on Ω.

Axiom 2: Our Banach space is the space of square in-
tegral functions X = L2(Ω) (see Appendix VIIA).
Since Ω is finite, all functions f : Ω → R are in
L2(Ω). In particular the element 1 ∈ L2(Ω).
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Let K ⊂ L2(Ω) be the cone consisting of nonneg-
ative functions x : Ω → [0,∞). K is a total cone
since any real function can be written as the dif-
ference of two nonnegative functions. For the SIS
case we give L2(Ω) the norm ‖x‖2 =

√
< x, x >

given by the inner product (30). From the par-
tial ordering on L2(Ω) it is immediately clear that
x ≤ y ⇒ ‖x‖2 ≤ ‖y‖2. Hence K is a normal
cone with respect to this norm. In fact K is a nor-
mal cone with respect to any norm on L2(Ω) since
all norms on a finite dimensional vector space are
equivalent [21]. For the SIR case, we use the vector
norm

‖x‖S−1 ≡ ‖S−1x‖2, (16)

where S is a nonsingular matrix such that S−1TS
is a diagonal matrix..

Axiom 3: For the SIS case or the SIR case with λ1 6= 0
writing equation (7) as

T (f)(k) =
∑

k′∈Ω

kP (k′|k)

P (k′)
f(k′)P (k′),

we see that the kernel of T is

τ(k, k′) =
kP (k′|k)

P (k′)
.

Notice that we have replaced the integral in (3) by a
summation since Ω is a discrete set. By definition,
for τ(k, k′) to be a measurable function, the preim-
age of any interval in [0,∞) must be an element of
the product sigma algebra of Ω×Ω. This is trivially
satisfied here since the sigma algebra is the power
set of Ω×Ω. That T is a compact operator follows
from that fact that L2(Ω) ∼= R

N and any linear
map on R

N is compact by the Bolzano-Weierstrass
theorem.

For the SIR case with λ1 = 0 writing equation (9)
as

T (f)(k) =
∑

k′∈Ω

k(k′ − 1)P (k′|k)

k′P (k′)
f(k′)P (k′),

we see that the kernel of T is

τ(k, k′) =
k(k′ − 1)P (k′|k)

k′P (k′)
.

We can analogously argue that τ(k, k′) is measur-
able and T is compact.

Axiom 4: Identifying L2(Ω) with Euclidean space, and
the operator T with a matrix, we have T = [Tk,k′ ]
where

Tk,k′ =
kP (k′|k)

P (k′)

or

Tkk′ =
k(k′ − 1)

k′P (k′)
P (k′|k),

depending on what case we are in (compare with
matrices given in [13]). Since the network is
connected, the associated directed graph Γ(T ) is
strongly connected and hence T is irreducible. Fur-
thermore, T is nonnegative since τ(k, k′) ≥ 0. We
apply the Perron-Frobenius theorem to show that
the largest eigenvalue λ′ of T has an associated
strictly positive eigenvector v : Ω → (0,∞).

Axiom 5: In the SIS case or the SIR case with λ1 6= 0,

we have Tk,k′ = kP (k′|k)
P (k′) . Since an edge in the graph

links a node to another node, one can derive the
following degree detailed balance condition [13]:

k P (k′|k)P (k) = k′ P (k|k′)P (k′). (17)

It follows immediately that Tk,k′ = Tk′,k so T is
a symmetric matrix. By the Spectral theorem for
symmetric matrices, there is a real orthogonal ma-
trix P ∈ Mn and a real diagonal matrix Λ ∈ Mn

such that T = PΛP t. By Theorem VII.8 we have
‖Ax‖2 ≤ λ1‖x‖2 as required.

For the SIR case with λ1 = 0, the operator T isn’t
symmetric. Nevertheless, we show below that it has
a basis of eigenvectors and hence is diagonalizable.

Proposition IV.3 The nonsymmetric matrix, [Tk,k′ ],

where Tk,k′ = k(k′−1)
k′P (k′) P (k′|k), has the same eigenstruc-

ture as the symmetric matrix, [Sk,k′ ] where Sk,k′ =
√

Tk,k′Tk′,k, and hence is diagonalizable.

Proof Using the detailed balance condition in equa-
tion (17) we have the symmetric equation

(k − 1)

k
Tk,k′ =

(k′ − 1)

k′
Tk′,k. (18)

Let {V i} be a basis of eigenvectors of the symmetric op-
erator [Sk,k′ ] where Sk,k′ =

√

Tk,k′Tk′,k. In other words
we have

∑

k′

√

Tk,k′Tk′,kV i
k′ = λiV i

k . (19)

We show that

W i
k =

√

(k − 1)

k
V i

k (20)

is an eigenvector of Tk′,k with eigenvalue λi. Indeed, from
equation (19) we have

∑

k′

√

Tk,k′Tk′,k

(k′ − 1)

k′
W i

k′ = λi

√

(k − 1)

k
W i

k.
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Equation (18) then implies

∑

k′

Tk,k′

√

(k − 1)

k
W i

k′ = λi

√

(k − 1)

k
W i

k. (21)

Cancelling
√

(k−1)
k

from both sides of equation (21), gives

∑

k′

Tk,k′W i
k′ = λW i

k,

so {W i} are eigenvectors of [Tk,k′ ] with eigenvalues {λi}.
The independence of {V i} implies that {W i} form a ba-
sis. Hence Tk,k′ is diagonalizable.

Next applying Theorem VII.9 we conclude that Ax-
iom 5 holds.

Axiom 6: SIS case: From equation (11) let

F (x)(k) =
λT (x)(k)

1 + λT (x)(k)
,

where

T (f)(k) =
∑

k′∈Ω

kP (k′|k)f(k′).

SIR case: From equation (15) let

F (x)(k) = 1 − eλT (x)(k),

where

T (f)(k) =
∑

k′∈Ω

kP (k′|k)

P (k′)
f(k′)P (k′) (λ1 = 0)

T (f)(k) =
∑

k′∈Ω

kP (k′|k)f(k′) (λ1 6= 0).

(a) SIS case: Since T (x)(k) > 0 for x ∈ K(0,1] it is
clear that F (x)(k) ∈ K(0,1]. Next we show that the
function F (x)(k) is increasing on K(0,1]. Indeed,
suppose x ≤ y. We have λT (x) ≤ λT (y) because
the function τ(k, k′) ≥ 0 for all k, k′ ∈ Ω and λ > 0.
Then,

x ≤ y ⇒ λT (x) ≤ λT (y)

⇒ λT (x)(k)

1 + λT (x)(k)
≤ λT (y)(k)

1 + λT (y)(k)
,

for all k ∈ Ω.

SIR case: Analogous to the SIS case.

(b) SIS case: We have

F (x)(k) =
λT (x)(k)

1 + λT (x)(k)
≤ λT (x)(k).

Our norm in the SIS case is the Euclidean norm
‖ • ‖2 (which has normality constant 1 by Proposi-
tion VII.2), so

F (X) ≤ λT (x) ⇒ ‖F (X)‖2 ≤ λ‖T (x)‖2.

SIR case: By the inequality 1 − e−x ≤ −x, for
x ≤ 0, we have

F (x) = 1 − e−λT (x)(k) ≤ λT (x).

For the SIR case with λ1 6= 0 we have norm ‖•‖S−1

given in equation (16). By Proposition VII.2, the
norm ‖ • ‖S−1 has normality constant 1. Hence
‖F (X)‖S−1 ≤ λ‖T (x)‖S−1 as required. For the
SIR case with λ1 = 0 we have the Euclidean norm
‖ • ‖2 (which has normality constant 1 by Propo-
sition VII.2). Hence ‖F (X)‖2 ≤ λ‖T (x)‖2 as re-
quired.

(c) Assuming λ > λ′, we show that ǫν ≤ F (ǫν).
SIS case: We have the following equivalences,

ǫν < F (ǫν) ⇐⇒

ǫ(k)ν(k) <
λǫ(k)T (ν)(k)

1 + λǫ(k)T (ν)(k)
⇐⇒

ν(k) <
λλ′ν(k)

1 + λλ′ǫ(k)ν(k)
⇐⇒

1 <
λλ′

1 + λλ′ǫ(k)ν(k)
.

The last inequality is true if ǫ(k) = 0, because
we are assuming that λλ′ > 1. By the continuity

of λλ′

1+λλ′ǫ(k)ν(k) as a function of ǫ(k), the last

inequality holds for a small number ǫ(k) > 0. We
also require F (ǫν) ≤ 1. This holds if νǫ ≤ 1.
Hence F (ǫν) ∈ Cν,ǫ for ǫ := min{ǫ(k), 1

v(k)}.

SIR case: We have the following equivalences,

ǫν < F (ǫν) ⇐⇒
ǫ(k)ν(k) < 1 − e−λλ′ǫ(k)ν(k) ⇐⇒

ν(k) < λλ′ν(k)(1 − ǫ(k)(G(ǫ(k)))),

where limǫ(k)→0 G(ǫ(k)) = λλ′ν(k)
2 . The last equiv-

alence holds by writing the Taylor series of 1 −
e−λλ′ǫ(k)ν(k). Preceding as in the SIS case, F (ǫν) ∈
Cν,ǫ for ǫ := min{ǫ(k), 1

v(k)}.

(d) To show that F is α-concave, by Lemma II.3, we
show that for 0 < t < 1, and x ∈ K(0,1], there
exists η > 0 such that F (tx)(k) ≥ t(1 + η)F (x)(k).
SIS case: For 0 < t < 1 we have

F (tx)(k) =
λtT (x)(k)

1 + λtT (x)(k)

>
λtT (x)(k)

1 + λT (x)(k)
= tF (x)(k).
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The inequality above is strict since x ∈ K(0,1] im-
plies that T (x)(k) > 0. We conclude that there
is a small positive number η such that F (tx) ≥
t(1 + η)F (x) as required.
SIR case: We show next that

F (tx)(k) − tF (x)(k) = 1 − e−tλT (x)(k)

−t + te−λT (x)(k),

is strictly positive for x ∈ K(0,1] and 0 < t < 1.
Define

f(t, y) = 1 − e−ty − t + te−y,

where 0 < t < 1 and y = λT (x)(k) > 0. Then

∂f(t, y)

∂y
= t(e−ty − e−y) > 0,

so f(t, y) is strictly increasing in y for every 0 < t <
1. Because f(0, t) = 0 we conclude that f(y, t) > 0,
for 0 < t < 1 and y > 0. Equivalently, F (tx) >
tF (x) for 0 < t < 1 and x ∈ K(0,1]. It then follows
that there is an η > 0 such that F (tx) ≥ t(1 +
η)F (x) as required.

E. Remarks

(1) The uncorrelated situation is really special case

of the correlated situation with P (k′|k) = k′P (k′)
〈k〉

where average degree of a node is 〈k〉 =
∑

i iP (i).
To see this, in Proposition IV.1 we have P (k′|k) =
P (E′|E) = P (E′) when E′ and E are independent.
If the network is uncorrelated, E’ is the subset of
half edges connected to a vertex of degree k′. Let
S be set of all half edges. The size of these sets are,

n(E′) = (number vertices degree k′)k′ and,

n(S) =
∑

i

(number vertices degree i)i.

Then P (E′) = n(E′)
n(S) . Dividing numerator and de-

nominator by N we get

P (k′|k) = P (E′) =
k′P (k′)
∑

i iP (i)
.

(2) The operator T in the uncorrelated SIS/SIR hybrid
model is the projection operator onto the eigenvec-
tor ν(k) = k. For the SIS case or the SIR case with
λ1 6= 0, we have

Tf(k) =
k

〈k〉
∑

k′

f(k′)k′P (k′) =
1

〈k〉 〈f, v〉 v(k),

(a) (b)

FIG. 1: Site and bond percolation on a network. (a) In site
percolation, vertices (sites) are either “occupied” (solid cir-
cles) or “unoccupied” (open circles). There are three compo-
nents of occupied sites (b) In bond percolation, it is the edges
(bonds) that are occupied or not (black or gray lines) and the
vertices are connected together by occupied edges. There are
two components in this case.

where 〈f, v〉 is defined in equation (30), and v(k) =
k. Hence,

T =
1

〈k〉 〈·, v〉v.

It follows that the eigenvalue with eigenvector ν, is

λ′ = 1
〈k〉 〈ν, v〉 = <k2>

<k>
. Analogously, for the SIR

case with λ1 = 0 we have

T (f)(k) =
k

〈k〉
∑

k′

f(k′)(k′ − 1)P (k′),

and

T =
1

〈k〉 〈·, v − 1〉v,

where the eigenvector ν has eigenvalue λ′ =
1
〈k〉 〈ν, v−1〉 = <k2>−<k>

<k>
. These results agree with

the epidemic threshold for the SIS and SIR uncor-
related case given in [13].

V. THE PERCOLATION MODEL ON A
COMPLEX NETWORK

In 1959 mathematicians Paul Erdős and Alfred Rényi
showed that the largest component of a network, formed
by randomly connecting two existing vertices per time
step, grows rapidly when the average number of connec-
tions per vertex exceeds one [22]. By component here we
mean a group of vertices that are all connected to each
other, directly or indirectly. When the average number
of connections per vertex reaches one, a phase transition
occurs. The network changes from having many small,
fragmented components, to having a single giant compo-
nent of size θ(n).
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Random tree like networks with degree-degree correla-
tions undergo a similar phase transition phenomena [4].
In a site or bond percolation process, vertices or edges re-
spectively, on a network are randomly “occupied” (with
probability λ) or “unoccupied” (with probability 1− λ),
and its components are studied (as shown in Figure 1
adapted from [23]). There is a critical point 0 ≤ λc ≤ 1,
called the percolation threshold, when a giant connected
component forms. We show below that the percolation
threshold is an epidemic threshold of our general epi-
demic model.

A. Fixed point formula for the percolation model

Just as in the SIS/SIR hybrid model, the percolation
model has a fixed point equation, x = F (x). In the
SIS/SIR model the fixed point equation consists of the
stationary solution of a differential equation. In the per-
colation model there are no dynamics. We derive the
fixed point equation by writing a self consistent equa-
tion [24, 25].

We consider a network, with no closed loops and a
locally tree-like structure. Let Ω be the degrees of the
vertices of the network. Let y(k) be the average prob-
ability that an edge connected to a vertex of degree k,
leads to another vertex that doesn’t belong to the giant
component [26]. If a pair of vertices aren’t connected to
the giant component, then because of the tree like struc-
ture of our network, the vertices along the branches going
outwards through the second vertex aren’t connected to
the giant component, and are independent of one an-
other. It follows that y(k) can be written according to
the following probability sum rule (see Figure 2 amended
from [24]). We can write the event that a branch through
a degree k vertex and a second vertex don’t connect to
the giant component as the disjoint union of events that
the second vertex has 0, 1, 2, . . . branches not connecting
to the giant component. If the second vertex has degree
k′ then the probability that a degree k vertex through
this degree k′ vertex doesn’t go through the giant com-
ponent is P (k′|k)y(k′)k′−1, since the k′ vertex has k′ − 1
branches not connected to the giant component. We can
then write y(k) using the following self consistent for-
mula,

y(k) =
∑

k′∈Ω

P (k′|k)y(k′)k′−1.

Now suppose we damage the network by removing
edges (i.e. bond percolation) with probability 1−λ. The
probability the edge connecting our degree k vertex and
the second vertex is unoccupied is 1 − λ. Furthermore,
each term of the sum in Figure 2 is multiplied by the
probability that it is not damaged, λ. Hence we can
write y(k) for the damaged network using the following
self consistent formula,

y(k) = 1 − λ + λ
∑

k′∈Ω

P (k′|k)y(k′)k′−1. (22)

FIG. 2: Schematic representation of the sum rule for the con-
nected component of vertices reached by following a randomly
chosen edge. The probability of each such component (left
hand side) can be represented as the sum of the probabilities
(right hand side) of having only a single vertex, having a sin-
gle vertex connected to one other component, or two other
components, and so forth.

It isn’t difficult to see that the same formula results if we
remove vertices instead of edges (i.e. site percolation).

Equation (22) is a fixed point equation, however
F (θ) 6= θ so equation (3) doesn’t hold and hence axiom
6b can’t be true. Nevertheless, the probability y(k) = 1
satisfies equation (22) and so we rewrite the equation in
terms of x(k) = 1 − y(k). By the binomial theorem we
have

(1 − x(k′))k′−1 =
k′−1
∑

n=0

(

k′ − 1
n

)

(−x(k′))n

= 1 − (k′ − 1)x(k′) + (23)

k′−1
∑

n=2

(

k′ − 1
n

)

(−x(k′))n

Letting x(k′) = 1 − x(k′) in equation (22) and using
equation (23) we have,

x(k) = λ − λ
∑

k′∈Ω

P (k′|k)

×



1 − (k′ − 1)x(k′) +

k′−1
∑

n=2

(

k′ − 1
n

)

(−x(k′))n)



 ,

or equivalently,

x(k) = λ
∑

k′∈Ω

(k′ − 1)P (k′|k)x(k′)

−λ
∑

k′≥3

k′−1
∑

n=2

(

k′ − 1
n

)

(−x(k′))nP (k′|k).

Writing T (x)(k) =
∑

k′∈Ω(k′ − 1)P (k′|k)x(k′) we have
the fixed point equation for bond or site percolation,

x(k) = (24)

λT (x)(k) − λ
∑

k′≥3

k′−1
∑

n=2

(

k′ − 1
n

)

(−x(k′))nP (k′|k).
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B. Checking the axioms for the Percolation model

Axiom 1: Same as in the Hybrid SIS/SIR model.

Axiom 2: Same as in the Hybrid SIS/SIR model. We
use the vector norm

‖x‖S−1 ≡ ‖S−1x‖2, (25)

where S is a nonsingular matrix such that S−1TS
is a diagonal matrix.

Axiom 3: We have

T (x)(k) =
∑

k′∈Ω

(k′ − 1)P (k′|k)x(k′).

As before, the kernel, τ(k, k′) = (k′−1)P (k′|k)
P (k′) ,

is a measurable function. Under the identifica-
tion of L2(Ω) with Euclidean space given in Ap-
pendix VIIA, we can write T = [Tkk′ ], where

Tkk′ = (k′−1)P (k′|k)
P (k′) . This is related to the branch-

ing matrix of [4].

Axiom 4: Same as in SIS/SIR model.

Axiom 5: We have the following proposition whose
proof is analogous to the proof of Proposition IV.3,

Proposition V.1 The nonsymmetric matrix [Tk,k′ ],

where Tk,k′ = k′−1
P (k′)P (k′|k), has the same eigenstruc-

ture as the symmetric matrix [Sk,k′ ], where Sk,k′ =
√

Tk,k′Tk′,k, and hence is diagonalizable.

The axiom then follows by applying Theorem VII.9.

Axiom 6: From equation (24) let

F (x)(k) = (26)

λT (x)(k) − λ
∑

k′≥3

k′−1
∑

n=2

(

k′ − 1
n

)

(−x(k′))nP (k′|k),

where T (x)(k) =
∑

k′∈Ω(k′ − 1)P (k′|k)x(k′).

(a) Adapting equation (22), we see that equation (26)
can be written as

F (x)(k) = λ(1 −
∑

k′∈Ω

P (k′|k)(1 − x(k′))k′−1). (27)

If x ∈ K(0,1], we have 0 ≤ (1 − x(k′))k′−1 < 1. It
follows that

0 ≤
∑

k′∈Ω

P (k′|k)(1 − x(k′))k′−1 < 1.

Since 0 ≤ λ ≤ 1, we conclude that F (x) ∈ K(0,1],
as required.

Next we verify that for x,w ∈ K(0,1], if x ≤ w then
F (x) ≤ F (w). Indeed,

x(k) ≤ w(k) ⇒
−(1 − x(k′))k′−1 ≤ −(1 − w(k′))k′−1.

By equation (27), we then see that F (x)(k) ≤
F (w)(k), because λ and P (k′|k) are nonnegative.

(b) For the percolation model we have norm ‖ • ‖S−1

defined in equation (25). By Proposition VII.2,
this norm has normality constant 1. Hence to show
‖F (x)‖S−1 ≤ λ‖T (x)‖S−1 , it suffices to show that
F (x) ≤ λT (x). We achieve this by proving that

λ
∑

k′≥3

P (k′|k)

k′−1
∑

n=2

(

k′ − 1
n

)

(−x(k))n ≥ 0,

from equation (26). For k, k′ ∈ Ω, since λ and
P (k′|k) are nonnegative, it suffices to show that

k′−1
∑

n=2

(

k′ − 1
n

)

(−x(k))n ≥ 0,

or equivalently (by equation (23)),

−1 + (k′ − 1)x(k) + (1 − x(k))k′−1 ≥ 0. (28)

Notice that the derivative of the right hand side of
equation (28) with respect to x(k) is

(k′ − 1) + (k′ − 1)(1 − x(k))k′−2 > 0,

for 0 ≤ x(k) ≤ 1 and k′ ≥ 3. It follows that since
equation (28) is true for x(k) = 0, it is true for
0 ≤ x(k) ≤ 1.

(c) We have the following equivalences,

ǫν < F (ǫν) ⇔

ǫν(k) < λT (ǫν)(k) − λ
∑

k′≥3

k′−1
∑

n=2

×
(

k′ − 1
n

)

(−ǫν(k))nP (k′|k) ⇔

ν(k) < λλ′ν(k)(1 − ǫ(G(ǫ))),

where

lim
ǫ→0

G(ǫ) = λ
∑

k′≥3

(

k′ − 1
2

)

(ν(k))2P (k′|k).

The last equivalence is true for ǫ = 0 since λλ′ > 1
by assumption. The function G(ǫ) is a continuous
function of ǫ and so the last equivalence holds for a
small positive ǫ(k) for each k ∈ Ω. We also require
that F (ǫν) ≤ 1. This holds if νǫ ≤ 1. Hence,
F (ǫν) ∈ Cν,ǫ for ǫ := min{ǫ(k), 1

v(k)}.
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(d) For 0 < t < 1 and x ∈ K(0,1] we first show that
F (tx)(k) − tF (x)(k) > 0. Using equation (26), it
suffices to show that, for k′ ≥ 3,

∑

n=2

(

k′ − 1
2

)

[t(−x(k)n) − (−tx(k))n] > 0,

or equivalently, (by equation (28)),

1 − t + t(1 − x(k))k′−1 − (1 − tx(k))k′−1 > 0.

Define

f(t, x(k)) = 1 − t + t(1 − x(k))k′−1 −
(1 − tx(k))k′−1.

Then

∂f(t, x(k))

∂x(k)
= t(k′ − 1)[(1 − tx(k))k′−2 (29)

−(1 − x(k))k′−2] > 0.

The inequality in equation (29) is strict for 0 < t <
1 and 0 < x(k) ≤ 1 since

(1 − tx(k)) > (1 − x(k)) > 0 ⇒
(1 − tx(k))k−2 > (1 − x(k))k−2.

Hence, f(t, x(k)) is a strictly increasing function for
0 < t < 1 and 0 < x(k) ≤ 1. Because, f(t, 0) = 0,
we have f(t, x(k)) > 0, or equivalently, F (tx) >
tF (x). It follows that there exists an η > 0 such
that F (tx) ≥ t(1 + η)F (x) as required.

VI. CONCLUSIONS

In this paper we attempt to provide a rigorous ax-
iomatic foundation to the study of epidemiology and
“epidemic-like” physical systems. Our general epidemic
model consists of four primitive notions (X(Ω), λ, T, F )
that satisfy the axioms given in Section II B 1. It has a
unique strictly positive fixed point if and only if the in-
fection rate λ exceeds the epidemic threshold, equal to
the reciprocal of the largest eigenvalue of the operator
T . The fixed point represents the steady state fraction of
infected or recovered individuals in the Hybrid SIS/SIR
model. In the Percolation model it represents the proba-
bility that a vertex connects to the networks’ giant com-
ponent. Our axioms should apply to a broad range of
interacting particle systems.

VII. APPENDIX

A. The space L2(Ω)

Let (Ω, P ) be a probability space. The Banach space
L2(Ω) consists of all functions f : Ω → R such that

∫

f2 dP < ∞.

Technically, L2 is a Banach space only if you consider
equivalence classes of functions up to a set of measure
zero. However, throughout this paper, for brevity, we
shall ignore sets of probability zero and write equality be-
tween elements of L2 without prefacing the equality with
“almost everywhere”. On L2(Ω), for all f, g ∈ L2(Ω), we
define the inner product by

〈f, g〉 =

∫

k′∈Ω

f(k′) g(k′) dP (k′),

or in the case where Ω is a discrete set,

〈f, g〉 =
∑

k′∈Ω

f(k′) g(k′)P (k′). (30)

If n is the number of distinct degrees of the net-
work then L2(Ω) ∼= R

n. Here we make the iden-
tification of a function f : Ω → R with the vec-
tor (f(i1)

√

P (i1), f(i2)
√

P (is), . . . , f(in)
√

P (in)) ∈ R
n,

where Ω = {i1, . . . , in}. This identification maps the or-
thonormal basis { ei√

P (i)
}, where ei(j) = δi,j is the delta

function in L2(Ω) with respect to inner product (30),
to the orthonormal basis in R

n with respect to the Eu-
clidean inner product.

B. Vector and Matrix Norms

For completeness we give the results about matrix and
vector norms used in this paper. All the results not
proved below can be found in [15]. We denote by Mn the
set of n×n matrices of real numbers. A matrix S ∈ Mn is
nonsingular if it has nonzero determinant. For A ∈ Mn,
A∗ will denotes it transpose. A matrix A ∈ Mn is unitary
if A∗A = I, where I ∈ Mn is the identity matrix. Let θ
denote the zero vector in R

n. ρ(A) is the spectral radius
of A defined in Section IIA.

Definition Let V be a vector space over C . A function
‖ • ‖ : V → R is a vector norm if for all x, y ∈ V ,

(1) ‖x‖ ≥ 0 Nonnegative

(2) ‖x‖ = 0 if and only if x = 0 Positive

(3) ‖cx‖ = |c|‖x‖ for all scalars c ∈ R. Homogeneous

(4) ‖x + y‖ ≤ ‖x‖ + ‖y‖ Triangle inequality
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A frequently encountered vector norm is the Euclidean
norm (or l2 norm) on R:

‖x‖2 ≡ (|x1|2 + · · · + |xn|2)
1

2 .

Given a vector norm such as the Euclidean norm, the fol-
lowing result is easy to verify and of great use in tailoring
a vector norm for a specific purpose.

Proposition VII.1 If ‖ • ‖ is a vector norm on R
n and

if T ∈ Mn is nonsingular, then ‖ • ‖T defined by ‖x‖T ≡
‖Tx‖, x ∈ R

n, is also a vector norm in R
n

Denote a vector x ∈ R
n by (x(1), x(2), . . . , x(n)). Let

≤ be a partial ordering on R
n defined by x ≤ y if and

only if y(k) − x(k) ≥ 0. We show next that the vector
norm ‖ • ‖T defined above has normality constant 1.

Proposition VII.2 Let T ∈ Mn be nonsingular and
x, y ∈ R

n. If θ ≤ x ≤ y then ‖x‖T ≤ ‖y‖T

Proof By the linearity of T it suffices to prove the claim
when only a single component of x, y is nonzero. Hence,
assume 0 ≤ x(i) ≤ y(i), for some i ∈ {1, 2, . . . , n},
and x(k) = y(k) = 0 for k 6= i. Let ei ∈ R

n be the
unit column vector with 1 in the ith position. Then
‖Tx‖2 = |x(i)|‖Tei‖2 and ‖Ty‖2 = |y(i)|‖Tei‖2. Note
that ‖Tei‖2 6= 0 since T is nonsingular. It follows that
‖Tx‖2 ≤ ‖Ty‖2.

We call a function |‖•|‖ : Mn → R a matrix norm if for
all A,B ∈ Mn it satisfies the following five axioms:

(1) |‖A|‖ ≥ 0 Nonnegative

(2) |‖A|‖ = 0 if and only if A = 0 Positive

(3) |‖cA|‖ = |c| |‖A|‖ for all scalars c Homogeneous

(4) |‖A + B|‖ ≤ |‖A|‖ + |‖B|‖ Triangle Inequality

(5) |‖AB|‖ ≤ |‖A|‖ |‖B|‖ Submultiplicative

Notice that properties 1−4 are identical to the properties
of vector norms.

We will need the following result, analogous to Propo-
sition VII.1 for vector norms, that shows that one matrix
norm may be transformed into another by a fixed simi-
larity.

Proposition VII.3 If |‖•|‖ is a matrix norm on Mn and
if S ∈ Mn is nonsingular, then |‖A|‖S ≡ |‖S−1AS|‖ is a
matrix norm.

Associated with each vector norm ‖ • ‖ on R
n is a

natural matrix norm |‖•|‖ that is induced by ‖•‖ on Mn.

Definition Let ‖ • ‖ be a vector norm on R
n. Define

|‖•|‖ on Mn by

|‖A|‖ = max
‖x‖=1

‖Ax‖

A particularly important matrix norm is the spectral
norm.

Definition The spectral norm |‖•|‖2 is defined on Mn by

|‖A|‖2 ≡ max{
√

λ : λ is an eigenvalue of A∗A}.

Proposition VII.4 The spectral norm |‖•|‖2 is induced
by the Euclidean vector norm ‖ • ‖2.

Proof It isn’t difficult to verify that ‖Ax‖2
2 = |x∗A∗Ax|.

Since A∗A is a normal matrix we can write A∗A = UΛU∗

where U is a unitary matrix and Λ is a diagonal matrix
of eigenvalues of A∗A. We can write

|x∗A∗Ax| = |y∗Λy| where y = Ux

≤ ρ(A∗A)‖y‖2
2

= ρ(A∗A)‖x‖2
2.

It follows that

max
‖x‖2=1

‖Ax‖ ≤
√

ρ(A∗A).

Next we show that equality holds. Reordering the
eigenvalues in Λ if necessary lets assume that e∗1Λe1 =
ρ(A∗A), where e1 = [1, 0, . . . , 0]∗ ∈ R

n. Let x =

Ue1. Then |x∗A∗Ax| =
√

ρ(A∗A). It follows that

max‖x‖2=1 ‖Ax‖ =
√

ρ(A∗A) as required.

The next result says that the spectral norm is a unitary
invariant matrix norm.

Proposition VII.5 |‖UAV |‖2 = |‖A|‖2 for any A ∈ Mn

and any unitary matrices U, V ∈ Mn.

Proof For U and V unitary matrices we have
(UAV )∗UAV = V ∗A∗U∗UAV = V ∗A∗AV =
V −1A∗AV . The claim then follows since A∗A and
V −1A∗AV have the same eigenvalues.

An important example of a matrix norm induced by a
vector norm is given below.

Proposition VII.6 If |‖•|‖ is an induced matrix norm
on Mn and S ∈ Mn is nonsingular, |‖•|‖S is induced by
the vector norm ‖ • ‖S−1 ≡ ‖S−1x‖

Proof It isn’t difficult to show that

max
‖x‖=1

‖Ax‖S−1 = max
x6=0

‖Ax‖S−1

‖x‖S−1

.

Hence we prove that

|‖A|‖S = max
x6=0

‖Ax‖S−1

‖x‖S−1

.
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Let y = S−1x. We have

max
x6=0

‖Ax‖S−1

‖x‖S−1

= max
Sy 6=0

‖S−1ASy‖
‖y‖

= max
y 6=0

‖S−1ASy‖
‖y‖

= |‖A|‖S

as required.

The following inequality, says that a vector norm is
compatible with its induced matrix norm.

Proposition VII.7 If the matrix norm |‖•|‖ is induced
by the vector norm ‖ • ‖, then

‖Ax‖ ≤ |‖A|‖‖x‖

for all A ∈ Mn and all x ∈ R
n

Theorem VII.8 Let A ∈ Mn be given. If there is
a unitary matrix U such that U∗AU is diagonal, then
‖Ax‖2 ≤ ρ(A)‖x‖2, where ρ(A) is the spectral radius of
A.

Proof By Proposition VII.4 the spectral norm, |‖•|‖2,
is induced from the Euclidean norm ‖ • ‖2. Hence, we

can apply Proposition VII.7. By Proposition VII.5, the
spectral norm is unitarily invariant. The result follows
immediately.

Theorem VII.9 Let A ∈ Mn be given. If there is a
nonsingular matrix S such that S−1AS is diagonal, then
‖Ax‖S−1 ≤ ρ(A)‖x‖S−1 where ρ(A) is the spectral radius
of A, and the vector norm ‖x‖S−1 ≡ ‖S−1x‖2.

Proof The vector norm ‖•‖S−1 induces the matrix norm
|‖A|‖S by Proposition VII.6. By Proposition VII.7 we
have the inequality

‖Ax‖S−1 ≤ |‖A|‖S‖x‖S−1 .

Since Λ = S−1AS is a diagonal matrix of eigenvalues
of A, |‖A|‖S = |‖Λ|‖2 =

√

ρ(ΛΛ∗) = ρ(A) proving the
claim.
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